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Abstract. Quantization of Teichmu¨ller space of a punctured Riemann surface S is an approach to
three dimensional quantum gravity, and is a prototypical example of quantization of cluster varieties.
Any simple loop γ in S gives rise to a natural function I(γ) on the Teichmu¨ller space, namely the
trace of monodromy along γ. Per any choice of an ideal triangulation ∆ of S, this function I(γ) is
a Laurent polynomial in the square-roots of the exponentiated shear coordinates for the edges of ∆.
An important problem was to construct a quantization of this function I(γ), namely to replace it by
a non-commutative Laurent polynomial in the quantum variables, so that the result does not depend
on the choice of triangulation ∆. This problem, which is closely related to the framed protected spin
characters in physics, has been solved algebraically by Allegretti and Kim using Bonahon-Wong’s
SL2 quantum trace for skein algebras, and geometrically by Gabella using Gaiotto-Moore-Neitzke’s
Seiberg-Witten curves, spectral networks, and writhe of links. We show that these two solutions to
the quantization problem coincide, while enhancing and modifying the latter one by Gabella.
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1. Introduction
Quantization of the Teichmu¨ller space of a Riemann surface appeared in late 1990’s as an approach to
(2 + 1)-quantum gravity in mathematical physics. More precisely, the phase space of the pure gravity
theory, for the (2 + 1)-dimensional spacetime manifold of the form S ×R for a surface S, was believed
to be closely related to the Teichmu¨ller space of S, and hence it was expected that quantization of the
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Teichmu¨ller space would help tackling the problem of quantizing the gravity theory. Certain versions
of quantum Teichmu¨ller spaces were first established by Kashaev [K98] and independently by Chekhov
and Fock [CF99] [F97]; these two approaches are both similar and different, in several aspects. The
Chekhov-Fock formulation was later generalized by Fock and Goncharov to the theory of quantum
cluster varieties [FG09].
We briefly review a formulation of quantum Teichmu¨ller spaces just mentioned. Let S be an oriented
punctured Riemann surface, and let ∆ be an ideal triangulation of S, which is a collection of mutually
non-intersecting simple paths running between punctures, dividing S into triangles. Per each edge e
of ∆, Thurston’s shear coordinate xe is associated, and they comprise a global coordinate system of
the Teichmu¨ller space T (S) of S. For now, T (S) can be roughly viewed as the space of all complete
hyperbolic metrics on S up to isotopy. The so-called Weil-Petersson Poisson structure on T (S), which
is relevant to the appearance of T (S) in physics, is particularly simple in terms of the shear coordinate
functions. In terms of the exponentials Xe := exp(xe), the Poisson bracket is given by {Xe, Xf} =
εefXeXf , ∀e, f ∈ ∆, where εef = aef − afe ∈ Z, with aef being the number of appearances of e, f in
a same triangle where f is located clockwise next to e. A quantum deformed version of the classical
ring of functions that are Laurent polynomials in the exponentiated shear coordinates is constructed
as follows. The Chekhov-Fock algebra T q∆ is defined as the algebra over C generated by the symbols X̂e
and their inverses, with e running through all edges of ∆, mod out by the relations X̂eX̂f = q
2εef X̂f X̂e,
∀e, f ∈ ∆, where q ∈ C is the quantum parameter. A key aspect of quantum Teichmu¨ller theory is
consistency under changes of triangulations. When one changes the triangulation from ∆ to ∆′, the
exponentiated shear coordinate functions for ∆′ can be expressed as rational functions in terms of
those for ∆. A quantum version of this coordinate change formula is constructed as an isomorphism
Φq∆,∆′ : Frac(T q∆′)→ Frac(T q∆) between the skew-fields of fractions of the Chekhov-Fock algebras. These
quantum coordinate change maps Φq∆,∆′ recover the classical ones when we put q = 1 (and remove the
hats from X̂e’s), and satisfy the consistency equations Φ
q
∆,∆′′ = Φ
q
∆,∆′ ◦ Φq∆′,∆′′ . In conclusion, these
Chekhov-Fock algebras and their skew-fields of fractions, identified with one another via the quantum
coordinate change maps Φq∆,∆′ , are considered to form a consistent quantum system for the Teichmu¨ller
space. An operator version of this formulation is also constructed, i.e. a natural representation of each
Chekhov-Fock algebra is studied, while the quantum coordinate change map is represented by a unitary
operator that intertwines these representations.
The results of [CF99] [F97] [K98] [FG09] were mostly on establishing a consistent quantum Teichmu¨ller
theory, as just described, but not so much on finding a quantization, i.e. a map connecting the classical
Teichmu¨ller theory and the quantum Teichmu¨ller theory. More precisely, to each function on T (S)
that can be written as a Laurent polynomial in the exponentiated shear coordinates Xe for a given
ideal triangulation ∆, one must associate an element of the Chekhov-Fock algebra T q∆ that recovers the
classical function as q → 1. What makes this problem difficult is the requirement of consistency under
the quantum coordinate change maps, which would guarantee the independence of the quantization
map on the choice of an ideal triangulation. Such a quantization map was first constructed only recently
in the joint paper [AK17] of Allegretti and the first author of the present paper. As a preliminary step,
one needs to precisely decide which functions to quantize. For several reasons, natural functions to
quantize are the functions on T (S) that can be written as Laurent polynomials in the exponentiated
shear coordinates Xe for every ideal triangulation; we call them universally Laurent functions. Fock
and Goncharov [FG06] found all such functions, and Allegretti and Kim constructed a quantization
map for these functions which is compatible with the quantum coordinate change maps Φq∆,∆′ .
A basic example of a universally Laurent function is the trace-of-monodromy function along a loop.
First, recall that the Teichmu¨ller space T (S) can be also viewed as the space of all group homomor-
phisms pi1(S)→ PSL(2,R) subject to certain conditions and equivalence relation. Let γ be any simple
loop in S. The function I(γ) : T (S)→ R defined as I(γ)(ρ) = |trace(ρ(γ))| is known to be universally
Laurent; in fact, it is Laurent in the square-roots of the exponentiated shear coordinates, but let us
ignore all complexities arising from the square-roots, for the moment. In order to associate a quantum
element Iq∆(γ) ∈ T q∆ to this function I(`), Allegretti and Kim used Bonahon-Wong’s [BW11] quantum
trace map Trq∆ : SA(S) → T q∆, where SA(S) is the skein algebra of S for the parameter A = q−1/2.
The skein algebra is a vector space over C generated by isotopy classes of framed links in S × [0, 1],
mod out by the relations called the skein relations, which enables us to resolve crossings of framed links
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(Def.3.2). Now, lift γ to a framed link Kγ = γ×{c} in S× [0, 1] at a constant ‘elevation’ c ∈ [0, 1], given
the vertical always-pointing-up framing, and then apply the Bonahon-Wong quantum trace map to this
framed link. Allegretti and Kim [AK17] proved that thus constructed element Iq∆(γ) = Tr
q
∆([Kγ ]) ∈ T q∆
satisfies various favorable properties, and explained how to extend the assignment I(γ) 7→ Iq∆(γ) to a
sought-for quantization map for all universally Laurent functions; we note that this extension construc-
tion involves yet another non-trivial ideas.
One remark is that the Bonahon-Wong construction, hence Allegretti-Kim’s as well, is highly algebraic,
when it comes to actual computations and proofs. Let us take a quick peek at this construction. First,
homotope γ so that it meets the edges of ∆ in a minimal number of points; these points of intersection
are called the junctures, and γ are divided into segments by junctures. For each triangle of ∆, choose
an ordering on the set of all segments of γ living in this triangle. A juncture-state is an assignment of
a sign ∈ {+,−} to each juncture. To each juncture-state J , we assign 0 if J does not satisfy certain
combinatorial admissibility condition, or otherwise assign a monomial
qm(J)/4 Ẑ
b1(J)
1 Ẑ
b2(J)
2 · · · ẐbN (J)N ,(1.1)
where Ẑe is a square root of the element X̂e in a certain sense, be(J) ∈ Z is the net sum of signs of
junctures on the edge e (with signs +,− are considered as +1,−1), and an integer m(J) ∈ Z is defined
via a certain recipe. Namely, to each segment of γ, assign a monomial of the form q±1/2Ẑ±1/2e Ẑ
±1/2
f
where e, f are the edges of ∆ on which the endpoints of γ live, and the powers are determined by the
juncture-state J . According to the chosen ordering on segments, multiply all these monomials for all
the segments, and turn it into a form as in eq.(1.1) using the relations ẐeẐf = q
εef/2Ẑf Ẑe. Finally,
Îω∆(γ) := Tr
ω
∆([Kγ ]) is defined as the sum of all these monomials in eq.(1.1) over all admissible juncture-
states J . Here we have over-simplified two aspects. One is that the monomial q±1/2Ẑ±1/2e Ẑ
±1/2
f assigned
to each segment is not exactly defined using the ‘square roots’ of Ẑe’s as is written, but in fact using new
variables associated to each triangle. The other, which is more important, is that, when the orderings
on segments living in triangles are not compatible at edges of ∆, then certain correction factors ∈ C are
needed to be multiplied to the monomial in eq.(1.1). In fact, this correction factor is what makes the
construction a lot more difficult to understand and use in practice. We note that the above state-sum
formula for the Bonahon-Wong quantum trace Trq∆ is a consequence of a crucial compatibility property
of Trq∆ about cutting and gluing of surfaces and skeins. Anyhow, the heart of the information carried
by the term in eq.(1.1) is the number m(J) in the exponent of q, and it is difficult to predict what
this number is before actually computing it using algebraic manipulations described above. We also
note that the coefficients of the these monomials are closely related to the objects in physics called the
framed protected spin characters, which are quantum counterparts of the framed BPS states.
In the meantime, there has been much development and interest in higher rank versions of the above
story. While the Teichmu¨ller space of S can be viewed as the space of certain group homomorphisms
pi1(S) → PSL(2,R), the higher Teichmu¨ller space of S is the space defined similarly with PSL(2,R)
replaced by higher rank algebraic groups, such as PGLK or SLK for K ≥ 2; note that K = 2 corresponds
to the usual Teichmu¨ller theory. Some versions of higher Teichmu¨ller spaces were defined and studied by
Fock and Goncharov [FG06] in terms of the so-called cluster varieties. The general theory of quantum
cluster varieties developed by Fock and Goncharov [FG09] applies to these higher Teichmu¨ller spaces.
Like in the Teichmu¨ller case, it is a natural problem to construct a quantization map for the quantum
higher Teichmu¨ller spaces. This problem turns out to be much more difficult than in the case of
the Teichmu¨ller spaces, and one reason for this is that already at the classical level, finding all the
universally Laurent functions which we would want to quantize is a highly non-trivial task; see e.g.
[GHKK17].
The trace-of-monodromy functions along loops can still be considered for higher Teichmu¨ller spaces,
and they form an important subclass of universally Laurent functions. Gaiotto, Moore, Neitzke, and
collaborators have been exploring these functions in relation to the objects called Seiberg-Witten curves
and spectral networks in physics [G12] [GMN12] [GMN13] [GMN14] [GLM15] [G17], which give a
correspondence between the GLK holonomies for the surface S and the abelian GL1 holonomies for
certain K-fold branched cover of S. Building on the works of other people on spectral networks, and
combining with the idea of Bonahon-Wong about going to three dimensions, Gabella [G17] constructed
a quantization map for these trace-of-monodromy functions on higher Teichmu¨ller spaces. A basic idea
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is to lift a loop in S to the branched cover of S in all possible ways, and count the signed number of
self-intersections of each lift, to figure out the number corresponding to m(J) in eq.(1.1). As hinted by
Gabella himself in [G17], it is natural to ask whether Gabella’s quantization map in the case K = 2,
i.e. the case of usual Teichmu¨ller spaces, coincides with Allegretti-Kim’s quantization map [AK17].
This is quite an interesting question, for Gabella’s construction is geometric while Allegretti-Kim’s is
algebraic, and the key phenomena underlying these two constructions are of very different nature, so
that there is not much a priori reason to believe that these two would yield a same result. The main
result of the present paper, Thm.5.1, is a proof of the equality of these two maps.
We now describe Gabella’s construction in more detail. Let S be a punctured surface, and ∆ an ideal
triangulation. For each triangle, choose a branch point in the interior; for each edge e of ∆, choose a
path connecting the two branch points of the two triangles having e as a side, so that this path meets e
exactly once. These paths are called branch cuts. Take two copies of this S, cut along all branch cuts,
and glue the two copies of S along the branch cuts to form a branched double cover S∆ of S, so that
the branch cuts indeed are branch cuts, exchanging the two sheets. Now, given a simple loop γ in S
defined up to isotopy, we consider lifts of γ in the branched double cover S∆. For each segment of γ, we
now have two choices, according to the relative position with respect to the branch point; such relative
position does not matter in S, but does matter when lifting to S∆. Among all possible such lifts of γ in
S∆, only certain ones are allowed. Each allowed lift of γ in S∆ may have self-intersections, and we count
the total number of these self-intersections, counting with signs. At each self-intersection, consider the
two small parts of the curve forming this intersection. To determine the sign, these two parts of curves
need to be oriented, and we need to decide which one is above the other. In effect, the best way to
capture such information is to use the notion of writhe of a link living in a three dimensional manifold.
Gabella’s quantum holonomy along the simple loop γ in the surface S is defined as the sum, over all
allowed lifts of γ in the branched double cover S∆, of the elements of the form in eq.(1.1) associated to
the lifts, with the number m(J) appearing in the exponent being defined via the writhe of each lifted
curve in S∆, and with some correction factors similarly as in Bonahon-Wong’s quantum trace.
In the present paper, we explain how the lifts of γ in S∆ can be enumerated by juncture-states J ,
and observe that the admissibility condition for a juncture-state J in the Bonahon-Wong construction
and that for a lift of γ in the Gabella construction coincide. We show using the result of [CKKO17]
how we can choose the orderings of segments of γ in triangles, and therefore the elevations ∈ [0, 1] of
the framed link in S × [0, 1] or in S∆ × [0, 1], so that we can avoid the complicated correction factors.
The main task we do is to prove by induction on J that the number m(J) defined algebraically in the
Bonahon-Wong quantum trace coincides with the number defined geometrically using writhe in the
Gabella quantum holonomy, giving the sought-for equality. We conjecture that Gabella’s correction
factors associated to elevation-changes, which we managed to avoid, can also be directly related to
Bonahon-Wong’s correction factors, so that our main Theorem extends to all oriented framed links in
S × [0, 1], not just the closed skeins without crossing which can be obtained by lifting simple closed
curves. Meanwhile, we also explain how Gabella’s result should be modified in order to attain the
consistency under quantum coordinate change maps.
Acknowledgments. This work was supported by the Ewha Womans University Research Grant of
2017. This research was supported by Basic Science Research Program through the National Research
Foundation of Korea(NRF) funded by the Ministry of Education(grant number 2017R1D1A1B03030230).
H.K. thanks Dylan Allegretti, Carlos Scarinci, Maxime Gabella, Francis Bonahon, and Thang Leˆ for
help, discussion, questions, and comments.
2. Quantum Teichmu¨ller theory
In this section, we establish the basic definitions for set-up, briefly introduce quantum Teichmu¨ller
theory, and explain the main object of study of the present paper.
2.1. Ideal triangulation of a non-compact surface. In this subsection we choose to mostly follow
the terminology convention of [L17].
Definition 2.1 ([L17]). • A generalized marked surface is a pair (Σ,P), where Σ is a compact oriented
surface with boundary ∂Σ and P is a finite subset of Σ.
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• Elements of P are called marked points. Elements of P in Σ \∂Σ are called interior marked points,
or punctures.
• If P ⊂ ∂Σ, then (Σ,P) is called a marked surface. If ∂Σ = Ø, then (Σ,P) is called a punctured surface.
• By the boundary of the generalized marked surface (Σ,P) we mean (∂Σ) \ P, and write as ∂Σ \ P.
As mentioned in [L17], a generalized marked surface defined this way corresponds to a ‘punctured
surface with boundary’ of [BW11].
Definition 2.2. By the phrase “with boundary” we always mean “with (possibly empty) boundary”.
In particular, in Def.2.1, we allow ∂Σ to be empty. Notice that, in Def.2.1, in case ∂Σ is empty, the
boundary ∂Σ \ P of (Σ,P) is also empty.
Definition 2.3 ([L17]). Let (Σ,P) be a generalized marked surface.
• A P-link is an immersion α : C → Σ, where C is a compact non-oriented 1-manifold with boundary,
such that
(1) restriction of α onto the interior of C is an embedding into Σ \ P, and
(2) α maps the boundary of C into P.
The interior of this P-link is the image under α of the interior of C, and is denoted by α˚.
• When C is [0, 1], we call α a P-arc. When C is S1, we call α a P-knot.
• When C has no boundary, we call α a closed P-link.
• Two P-links are P-isotopic if they are isotopic in the class of P-links.
• A P-arc is called a boundary arc if it is P-isotopic to an arc in ∂Σ. A P-arc is called an inner arc
if it is not a boundary arc.
• A P-link is often identified with its image in Σ.
In the literature, the surface is commonly considered to be Σ \ P, in which case a P-arc corresponds
to a so-called ideal arc, a P-knot to a simple loop in Σ \P, and a closed P-link to a simple closed curve
in Σ \ P. The last line of Def.2.3 indicates that a P-link is an unoriented object. One easy observation
is that the boundary ∂Σ\P is the disjoint union of interiors of boundary arcs, which are the connected
components of ∂Σ \ P. We now go on to triangulations.
Definition and Lemma 2.4 (see e.g. [L17] [FST08] [M16]). Let (Σ,P) be a generalized marked
surface.
• For integer n ≥ 3, a P-n-gon is a smooth map β : σ → Σ from a regular n-gon σ in the standard
plane R2 to Σ, such that
(1) the restriction of β onto the interior σ˚ is a diffeomorphism onto its image, and
(2) the restriction of β onto each of the n sides of σ is a P-arc, called a side (or edge) of β.
In particular, a P-3-gon is called a P-triangle, and a P-4-gon a P-quarilateral.
• If two sides of a P-n-gon coincide as a P-arc, such a side, as well as that P-n-gon, is said to be
self-folded.
• A P-n-gon is oriented if the relevant map β : σ → Σ is orientation-preserving, where σ is oriented
according to the standard orientation on R2.
• A P-triangulation (or, a triangulation, when P is clear) of Σ (or, an ideal triangulation or just a
triangulation of (Σ,P)) is a collection ∆ of P-arcs such that
(1) no P-arc in ∆ bounds a disk whose interior is in Σ \ P,
(2) no two P-arcs in ∆ intersect in Σ \ P and no two are P-isotopic, and
(3) ∆ is a maximal collection of P-arcs with the above properties (1)–(2).
For a triangulation ∆, one can replace P-arcs in ∆ by P-arcs in their respective P-isotopy classes such
that every boundary arc in ∆ lies in ∂Σ. We always assume that ∆ satisfies this condition.
• An element of ∆ is called a (constituent) edge of the triangulation ∆. An edge of ∆ is called a
boundary edge of ∆ if it is a boundary arc, and an internal edge of ∆ otherwise. Let ∆˚ be the set of
all internal edges of ∆.
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• For a P-triangulation ∆, define E∆ =
⋃
e∈∆ e. The closure of each connected component of Σ \E∆
can be naturally given a structure of an oriented P-triangle. By a (constituent) (P-)triangle of ∆ we
mean one of these triangles coming from ∆. Denote by F(∆) the set of all triangles of ∆.
• We say (Σ,P) is triangulable if a P-triangulation of Σ exists. We say (Σ,P) is triangulated if it is
equipped with a P-triangulation.
The notions of P-triangulation and P-triangle correspond to those of ideal triangulation and ideal
triangle in the literature. Implicitly or explicitly, we will identify two triangulations if one can be
obtained by simultaneous isotopy of (edges of) the other; when extra care is needed, we shall make it
clear. The following fact is well-known, e.g. as is stated in [L17].
Lemma 2.5. A generalized marked surface (Σ,P) is triangulable if and only if P is non-empty, each
connected component of ∂Σ has at least one point of P, and (Σ,P) is not homeomorphic to one of the
following:
– a sphere (with no boundary) with one or two marked points
– a monogon with no interior marked point, (i.e. genus 0, with one boundary component, with one
marked point on the boundary, and no interior marked point) or
– a bigon with no interior marked point (i.e. genus 0, with one boundary component, with two marked
points on the boundary, and no interior marked point), also called a biangle.
We do not always assume that (Σ,P) is triangulable, although we do when we talk about triangula-
tions. Later, it is crucial that we shall also need to consider the third case of the above lemma.
For convenience of the present paper, we define a notion of corner of a triangle as follows.
Definition and Lemma 2.6. Let t be a constituent triangle of a triangulation ∆ of a generalized
marked surface (Σ,P). Let β : σ → Σ be a map giving t an oriented P-triangle structure. Let e, f, g be
the sides of σ, appearing clockwise in this order. Denote by same labels e, f, g the corresponding sides
of t. The three pairs of sides (e, f), (f, g), and (g, e) are called corners of t. The three corners of t are
well-defined and mutually distinct.
Visually, one can consider a corner (e, f) of t as being a small part of t \ (e∪ f ∪ g) close to the vertex
of the t shared by e, f , lying in between e, f .
There may arise some confusion when dealing with a self-folded triangle. In the above definition,
we give three different labels e, f, g for the three sides; however, sometimes we identify a side with its
image, in which case we will need only two distinct labels for the sides of a self-folded triangle, say
e, e, f . Notice that, still in such a case, the three corners (e, e), (e, f), (f, e) are unambiguously defined.
We find it convenient to define the following notion here.
Definition 2.7. Let ∆ be a triangulation of a generalized marked surface (Σ,P), and let γ be a closed
P-link in Σ. Denote by #(γ ∩∆) the total number of intersections of γ and the edges of ∆; it can be
infinite. We say that γ is in a minimal position with respect to ∆ if #(γ ∩∆) is minimal among the
numbers #(γ′ ∩∆), where γ′ runs through all P-knots that are P-isotopic to γ.
An easy and useful observation:
Lemma 2.8. Let ∆ be a triangulation of a generalized marked surface (Σ,P). Suppose that γ is a
closed P-link in Σ in a minimal position. Then the following hold.
(M1) γ ∩∆ is a finite set; the elements of γ ∩∆ are called the ∆-junctures (or just junctures) of γ;
the junctures of γ divides γ into union of closed intervals, called the loop segments of γ;
(M2) for each loop segment of γ, its two endpoint junctures lie in distinct edges of ∆.
For the above statement (M2) in case of self-folded triangles, see e.g. [CKKO17].
It is also well-known that the intersection numbers #(γ∩e) with the edges e ∈ ∆ completely determine
the P-knot γ in a minimal position, up to P-isotopy.
Lemma 2.9. Let ∆ be a triangulation of a generalized marked surface (Σ,P), and let γ be a closed
P-link in Σ. Let γ′ be a closed P-link that is P-isotopic to γ and is in a minimal position. For each
e ∈ ∆, denote by ae(γ) ∈ Z≥0 the number of intersections of γ′ and e, called the intersection number
of γ and e.
The intersections numbers completely determine a closed P-link γ up to P-isotopy.
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For a proof, we refer e.g. to [FG06]; the intersection numbers are 2 times the Fock-Goncharov tropical
A-coordinate of γ, and it is straightforward to re-construct γ out of these numbers.
As is widely used in the literature, counting of corners effectively encodes the combinatorics of ∆.
Definition 2.10. Let ∆ be a triangulation of a generalized marked surface (Σ,P). Let e, f be con-
stituent edges of ∆, and let t be a constituent triangle of ∆. Define
cef (t) = c
∆
ef (t) :=
 1 if (e, f) is a corner of t,−1 if (f, e) is a corner of t,
0 otherwise,
εef (t) = ε
∆
ef (t) := cef (t)− cfe(t),
and
εef = ε
∆
ef :=
∑
t∈F(∆)
εef (t).
The matrix ε = ε∆ = (εef )e,f∈∆ is called the exchange matrix of ∆.
The matrix ε is sometimes called the signed adjacency matrix (e.g. [FST08]), or a face matrix (e.g.
[L17]). Notice that the matrix B = (bij) of [FST08] coincides with the above ε = (εij) in case ∆ has
no self-folded triangles, and otherwise it differs from ε in general.
2.2. Teichmu¨ller space and shear coordinates. The basic geometric objects of study are certain
versions of the so-called Teichmu¨ller space of a surface (Σ,P). In general, the Teichmu¨ller space of a
surface refers to the space of all complete hyperbolic metrics on the surface, considered up to pullback
by diffeomorphisms isotopic to the identity. In case of a generalized marked surface, some care is
needed for the behavior near the boundary and marked points. The most general case appears in
Dylan Allegretti’s thesis [A16], which we follow. Like in [A16], we formulate using the monodromy
representations, instead of directly dealing with hyperbolic metrics.
Definition 2.11 (enhanced Teichmu¨ller space of punctured surface; see e.g. [FG06]). Let (Σ,P) be a
triangulable generalized marked surface, and suppose that (Σ,P) is a punctured surface, i.e. ∂Σ = Ø.
• The Teichmu¨ller space T (Σ,P) is the set
Homdf(pi1(Σ \ P),PSL(2,R))/PSL(2,R).(2.1)
More precisely, T (Σ,P) consists of all group homomorphisms from pi1(Σ \ P) to PSL(2,R) that are
faithful and have discrete image, where an element of T (Σ,P) is defined up to conjugation by an
element of PSL(2,R).
• Given a point of T (Σ,P), i.e. an equivalence class of a group homomorphism ρ : pi1(Σ \ P) →
PSL(2,R), an element p of P is called a cusp (with respect to ρ) if the image under ρ of a small loop
surrounding p is a parabolic element of PSL(2,R), and called a hole (with respect to ρ) if this image is
a hyperbolic element of PSL(2,R), and instead proceed to the more general generalized marked surfaces.
• The enhanced Teichmu¨ller space X+(Σ,P) is the set of all pairs (ρ,O), where ρ is a point of T (Σ,P),
and O is the choice of an orientation for each hole with respect to ρ.
Recall that PSL(2,R) is the orientation-preserving isometry group of the upper half-plane H equipped
with the standard hyperbolic structure, and that a point ρ of the Teichmu¨ller space leads to a hyperbolic
metric on the surface Σ \ P; consider taking the quotient of H by ρ(pi1(Σ \ P)), yielding a hyperbolic
manifold diffeomorphic to Σ \ P. We do not bother making all these precise here.
Definition 2.12 (enhanced Teichmu¨ller space for a triangulable generalized marked surface; [A16]
[H10]). Let (Σ,P) be a triangulable generalized marked surface with nonempty boundary ∂Σ 6= Ø.
• Let (Σop,Pop) be the generalized marked surface same as (Σ,P), except equipped with the opposite
orientation. Choose a parametrization for each boundary component of Σ, which induces that for
the corresponding boundary component of Σop. Glue Σ and Σop along these parametrized boundary
components, to construct a smooth oriented surface ΣD without boundary; denote by PD the marked
points on ΣD coming from P and Pop. The resulting generalized marked surface (ΣD,PD) =: (Σ,P)D,
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which is a punctured surface, is called the doubled surface for (Σ,P). Let ι : ΣD → ΣD be the natural
involutive diffeomorphism exchanging Σ and Σop, induced by the identification Σ↔ Σop.
• The (generalized) enhanced Teichmu¨ller space X+(Σ,P) is defined as the ι-invariant subspace of
the enhanced Teichmu¨ller space X+(ΣD,PD) of the doubled surface (ΣD,PD), where X+(ΣD,PD) is
defined as in Def.2.11, on which ι acts naturally (e.g. by pullback on hyperbolic metrics).
A starting point of many problems related to Teichmu¨ller spaces is a construction of suitable coordinate
systems for X+(Σ,P). Among various kinds, what is relevant to the current situation is Thurston’s
shear coordinate function [T80], which makes use of the choice of an ideal triangulation.
Proposition 2.13 (Thurston-Fock’s theorem, see e.g. [P12] [A16]). Let ∆ be a triangulation of a
triangulable generalized marked surface (Σ,P). There exists a global coordinate system for the enhanced
Teichmu¨ller space X+(Σ,P), whose coordinate functions are enumerated by the internal edges e of the
triangulation ∆. These coordinate functions Xe = X
∆
e : X+(Σ,P)→ R>0 associated to e ∈ ∆˚, each of
which is called the exponentiated shear coordinate for the internal edge e ∈ ∆, provide a bijection
X+(Σ,P)→ (R>0)∆˚ : (ρ,O) 7→ Xe(ρ,O).
For geometric meaning of these coordinate functions, see e.g. [A16] or [P12]. Roughly speaking, in
terms of hyperbolic metrics, they are the ‘shearing’ amounts that measure how the hyperbolic ideal
triangles are glued along their edges to one another, to form the (hyperbolic) surface Σ \ P. A key
point of studying these coordinates is how they transform under change of ideal triangulations.
Proposition 2.14. Let ∆ and ∆′ be ideal triangulations of a triangulable generalized marked surface
(Σ,P). Then the exponentiated shear coordinate functions X ′e′ ’s for the internal edges e′ of ∆′ can be
expressed as rational functions in terms of those Xe’s for the internal edges e of ∆.
2.3. Quantum Teichmu¨ller space. We now review quantum Teichmu¨ller space, which was first
constructed in 1990’s by Kashaev [K98] and independently by Chekhov-Fock [CF99] [F97]. For our
purposes we follow the latter works, and also their modern developments as appearing e.g. in [BL07]
[L09] [BW11] [H10] [FG09].
For each triangulation ∆, we considered the exponentiated shear coordinate functions Xe associated
to internal edges e ∈ ∆˚. They provide identification of the (generalized) enhanced Teichmu¨ller space
X+(Σ,P) with (R>0)∆˚, making X+(Σ,P) a smooth manifold. This manifold X+(Σ,P) is equipped
with a natural Poisson structure, named Weil-Petersson Poisson structure, whose Poisson brackets
among the coordinate functions are given by
{Xe, Xf} = εefXeXf .
Thus one can verify that {X±1e : e ∈ ∆˚} generates a Poisson subalgebra of the ring C∞(X+(Σ,P)) of
smooth functions on X+(Σ,P). The following non-commutative algebras serve as quantum deformed
versions of this Poisson subalgebra.
Definition 2.15 ([BL07] [L09]). Let ∆ be a triangulation of a generalized marked surface (Σ,P), and
∆˚ be the set of all internal edges of ∆. Let ~ ∈ R be a quantum parameter, and let q := exp(pii~) ∈ C∗.
The internal Chekhov-Fock algebra T˚ q∆ is an algebra over C defined in terms of generators and rela-
tions as follows:
generating set : { X̂e, X̂−1e | e ∈ ∆˚ },
relations : X̂eX̂f = q
2εef X̂f X̂e, ∀e, f ∈ ∆˚,
X̂eX̂
−1
e = X̂
−1
e X̂e = 1, ∀e ∈ ∆˚.
The Chekhov-Fock algebra T q∆ is an algebra over C defined in terms of generators and relations as
follows:
generating set : { X̂e, X̂−1e | e ∈ ∆ },
relations : X̂eX̂f = q
2εef X̂f X̂e, ∀e, f ∈ ∆,
X̂eX̂
−1
e = X̂
−1
e X̂e = 1, ∀e ∈ ∆.
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Notice that T˚ q∆ and T q∆ coincide when (Σ,P) is a punctured surface, which is often the case in the
literuature. As the generators of the classical algebra are enumerated by internal edges, of course T˚ q∆
is more natural to consider than T q∆, but we shall also need T q∆ in some situations. As noted e.g.
in [BL07] [L09] [BW11] [H10], these algebras T˚ q∆ and T q∆ satisfy the so-called Ore Condition of ring
theory [BG02] [C95], and therefore their skew-fields (i.e. division algebras) of fractions Frac(T˚ q∆) and
Frac(T q∆) can be considered. As written in [H10], elements of Frac(T q∆) are formal fraction expressions
PQ−1, with P,Q ∈ T q∆, Q 6= 0, where two such expressions P1Q−11 and P2Q−12 represent the same
element of Frac(T q∆) if there exist S1, S2 ∈ T q∆ such that P1S1 = S2P2 and Q1S1 = S2Q2. Product of
such expressions can also be written as one fraction PQ−1 by algebraic manipulation. Similarly for
Frac(T˚ q∆).
Proposition 2.16 ([CF99] [K98] [L09]). There exists a skew-field isomorphism
Φq∆,∆′ : Frac(T q∆′)→ Frac(T q∆)
associated to each pair ∆,∆′ of triangulations of a generalized marked surface (Σ,P), satisfying:
(1) When q = 1 it recovers the coordinate change formulas for exponentiated shear coordinates for
internal edges,
(2) The consistency relation holds
Φq∆,∆′′ = Φ
q
∆,∆′ ◦ Φq∆′,∆′′
for each triple ∆,∆′,∆′′ of triangulations.
In fact, the above proposition was first established for the internal Chekhov-Fock algebras only, i.e. for
the maps Frac(T˚ q∆′)→ Frac(T˚ q∆). We note that these original results naturally extend to the Chekhov-
Fock algebras as written above, and we shall come back to this point later again. A reader who is not
comfortable dealing with T q∆ can just replace all T q∆ appearing in the present paper with T˚ q∆.
Some authors (e.g. [BW11]) use the word quantum Teichmu¨ller space as referring to the quotient of
disjoint union of all Frac(T q∆) by the equivalence relation given by the identifications Φq∆,∆′ . We might
also be doing so from time to time, but we do not make a serious use of this word.
2.4. Deformation quantization of Teichmu¨ller space and the quantum ordering problem.
The isomorphisms in Prop.2.16 let us identify Frac(T q∆) for different ∆’s in a consistent way. However,
it is Frac(T q∆) that is being identified with others, instead of the original Chekhov-Fock algebra T q∆
which we began with. For certain reasons, among elements of Frac(T q∆), those belonging to T q∆ are
considered more important. First, in order to be physically relevant, one must realize elements of the
quantum algebra as operators on Hilbert space. It is relatively easy to deal with representation of the
algebra T q∆ on the Hilbert space using functional analysis, but hard to do for its skew-field of fractions.
Second reason comes from the viewpoint of considering the enhanced Teichmu¨ller space as a cluster
X -variety. Each triangulation yields a chart, and regular functions on this chart are defined as Laurent
polynomials in the exponentiated shear coordinates; we note that Laurent polynomials play a crucial
role in the theory of cluster algebras and cluster varities. Quantum regular functions for the quantized
chart are non-commutative Laurent polynomials in the quantum counterpart of the exponentiated shear
coordinates.
Hence, for both reasons coming from representation theory and cluster variety theory, the nice func-
tions to deal with, for classical and quantum as well, are functions that are regular for every chart, i.e.
that are Laurent polynomials in every triangulation.
Definition 2.17. Define
Lq∆ :=
⋂
∆′
Φq∆,∆′(T q∆′) ⊂ T q∆ ⊂ Frac(T q∆).
where the intersection runs through all ideal triangulations ∆′ of the relevant generalized marked surface
(Σ,P), including ∆. Elements of Frac(T q∆) that belong to Lq∆ are said to be universally Laurent.
Lemma 2.18. Φq∆,∆′ induces isomorphism from L
q
∆′ to L
q
∆.
So the algebras Lq∆ for different ∆’s can be consistently identified, so they can be collectively denoted
as Lq = Lq(Σ,P). That is, in the style used in [BW11], we can view L
q =
⊔
∆ L
q
∆/∼, where
⊔
is the set
disjoint union and ∼ is the equivalence relation coming from Φq∆,∆′ .
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The discussion so far is only on construction of a consistent quantum system related to the classical
system, which is the enhanced Teichmu¨ller space with the Weil-Petersson Poisson structure. That
is, we now have algebra of quantum observables, namely Lq, independent of the choice of an ideal
triangulation ∆. Next step is to establish a quantization, which is a map from the algebra of classical
observables to the algebra of quantum observables. Namely, given a classical observable, i.e. a smooth
function on the Teichmu¨ller space X+(Σ,P), what quantum observable do we assign to it? A place to
begin with is each of the exponentiated shear coordinates functions Xe for a chosen ideal triangulation
∆. A natural candidate of a quantization map is to send each Xe to X̂e ∈ T q∆. Then, what about
other functions? At the moment, let us only focus on the functions on X+(Σ,P) that can be written
as Laurent polynomials in Xe’s for a given ∆, such as XeXf +X
−2
g . To each such Laurent polynomial
in Xe, we’d like to assign a non-commutative Laurent polynomial in X̂e’s that recovers the classical
one when we put q = 1 and replace each X̂e by Xe. For a fixed ∆, building such an assignment so that
it satisfies the axiom of a ‘deformation quantization map’ is not so hard. The difficult part is to make
sure that such a deformation quantization map does not depend on the choice of ∆, in a sense.
The first step is to restrict our attention to (classical) functions on X+(Σ,P) that can be written as
Laurent polynomials in the exponentiated shear coordinates, for every ideal triangulations; finding all
of them is already a highly nontrivial task, and is accomplished in [FG06]. Then, for each ∆, devise a
way to assign to each such universally Laurent function a quantum Laurent polynomial, and prove that
the resulting quantum Laurent polynomials for different ∆’s are related to each other by the quantum
mutation maps Φq∆,∆′ .
To give an intuition, let us consider a simple toy model. To a function XeXf , what should we assign?
Options are X̂eX̂f , X̂f X̂e, q
rX̂eX̂f for some r ∈ Z, or maybe it could be even more complicated. Which
one is the best choice? For a more general Laurent polynomial, we should choose how to quantize each
monomial term. Finding a good choice of quantum Laurent polynomial so that it satisfies certain
favorable properties is sometimes referred to as the quantum ordering problem, as if it is the problem
of choosing the order of product of non-commutative quantum functions.
For a monomial, there is a well-known standard answer, namely the Weyl-ordered product; we formu-
late this in a general setting as follows.
Definition 2.19 (Weyl-ordered product). Let X1, . . . ,Xn be elements living in an algebra, and satisfies
XiXj = A
2mijXjXi, ∀i, j ∈ {1, . . . , n},
for some scalar A and integers mij ∈ Z. In such a situation, we say that these n elements A-commute
with one another. Define the Weyl-ordered product of these A-commuting elements as
[X1X2 · · ·Xn]Weyl := A−
∑
1≤i<j≤nmijX1X2 · · ·Xn.
It is a straightforward exercise that the Weyl-ordered product is invariant under permutation, namely
[X1 · · ·Xn]Weyl equals [Xσ(1) · · ·Xσ(n)]Weyl for each permutation σ of {1, . . . , n}; it makes the Weyl-
ordered product a standard answer to the quantum ordering problem of a monomial. However, for our
case, for a classical function given by a Laurent polynomial, the quantum Laurent polynomial obtained
by replacing each constituent monomial XeXf · · · by the Weyl-ordered product [X̂eX̂f · · · ]Weyl turns
out not to satisfy the desired property, namely the compatibility under the quantum mutations Φq∆,∆′ .
So the quantum ordering problem for universally Laurent functions cannot be solved just by term-by-
term Weyl-ordered products. In the present paper, we will review two solutions to this problem, namely
one by Allegretti-Kim [AK17] and the other by Gabella [G17], and finally show that these two answers
are the same.
3. Bonahon-Wong’s quantum trace
3.1. Skein algebra. The known answers to the quantum ordering problem mentioned in the last
section are heavily based on the work of Bonahon and Wong [BW11]. Bonahon-Wong’s construction
requires us to go to 3 dimensions, rather than deal with just the surface (Σ,P). We first collect the
necessary definitions (from [BW11]), slightly modified to serve our purposes.
Definition 3.1. • Let M be a 3-manifold with boundary. Let K be a compact 1-submanifold with
boundary of M , that is, an embedding α : C → M of a compact 1-dimensional manifold C with
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boundary into M . A framing on K is a continuous choice of vectors vx in TxM at points x of K that
are transverse to K, i.e. vx does not lie in the subspace TxK of TxM . A framed link is a (non-oriented)
1-submanifold with boundary together with a choice of framing.
• In case M = S×[0, 1] for some 2-manifold S with boundary, the elevation of a point (p, t) of S×[0, 1]
is the [0, 1]-coordinate of that point, i.e. t.
• In case M = S × [0, 1], if x is a point on a framed link K inside S × [0, 1], the vector vx ∈ TxM
is called the framing at x, and we say that this framing is upward vertical if it is parallel to the [0, 1]
factor and points toward 1 of [0, 1].
• In case M = S× [0, 1], if S′ is a subset of S, we say that a point x of M lies over S′ if x ∈ S′× [0, 1].
• Let ∂K := α(∂C), whose elements are called endpoints of K. We say K is closed if ∂K = Ø.
For later use, we do not necessarily require that ∂K lies in ∂M .
Definition and Lemma 3.2 (e.g. [BW11]). Let (Σ,P) be a generalized marked surface, not necessarily
triangulable.
• The framed link algebra K(Σ,P) is the vector space over a given field, say C, freely generated by
the isotopy classes of framed links K in (Σ \ P)× [0, 1] that satisfy
(FL1) the endpoints of K lie in the boundary, i.e. ∂K ⊂ (∂Σ \ P)× [0, 1],
(FL2) at each endpoint of K, the framing is upward vertical,
(FL3) for each component b of ∂Σ \ P, the endpoints of K that lie over b have mutually distinct
elevations,
and the isotopy of framed links is required to respect all the above three conditions at all times. From
now on, unless otherwise specified, by framed links we always mean those framed links K satisfying the
above conditions, and an isotopy among them is required to respect these conditions.
• Multiplication is defined on K(Σ,P) as follows. For two basis vectors K1 and K2 as defined above,
the product K1K2 is defined as the basis vector K obtained by the disjoint union of a representative
framed link of K1 rescaled in (Σ\P)×[0, 12 ] and that of K2 rescaled in (Σ\P)×[ 12 , 1]. This multiplication
defined via superposition is well-defined on K(Σ,P).
• A framed link K in (Σ \ P)× [0, 1] that satisfies
(P1) the framing at every point of K is upward vertical, and
(P2) the projection map (Σ \ P)× [0, 1]→ Σ \ P restricted to K is at most 2-to-1 at each point,
can be drawn on Σ \ P as follows. The projected diagram of such framed link K is the image of the
projection of K onto Σ \ P, together with the information of over- or under- crossing for each self-
intersection. When we draw a picture of this diagram, we do the following. If a point x ∈ Σ \ P is
a self-intersection of the image of projection of K, then it has two preimages x1, x2 ∈ K, with x1 has
higher elevation than x2. In the projected picture, erase the part corresponding to a small neighborhood
of x2 in K, as if we are viewing downward from above and a part of lower elevation is concealed by the
part of higher elevation, as in K1 of Fig.1. Such points x are called crossings of this diagram.
• A triple (K1,K0,K∞) of framed links is called a Kauffman triple if they differ only over a small
open disc in Σ \ P, where they satisfy (P1) and (P2) and their projected diagrams are as in Fig.1. A
triple of basis vectors in K(Σ,P) is called a Kauffman triple if they can be represented as a Kauffman
triple of framed links.
• For any nonzero number A in the given field, say A ∈ C∗, the (Kauffman bracket) skein algebra
SA(Σ,P) is the quotient of the algebra K(Σ,P) by the two-sided ideal generated by K1−A−1K0−AK∞
where (K1,K0,K∞) ranges over all Kauffman triple of basis vectors of K(Σ,P). The multiplication of
K(Σ,P) descends to a multiplication of SA(Σ,P), making it an algebra.
• For each basis vector K ∈ K(Σ,P), the corresponding element of SA(Σ,P) is denoted by [K], and is
called a skein. The element [Ø] ∈ SA(Σ,P) corresponding to the empty link is called the empty skein,
and is also denoted by 1 ∈ SA(Σ,P). A skein [K] with ∂K = Ø is called a closed skein. The relations
[K1] = A
−1[K0] +A[K∞]
hold whenever (K1,K0,K∞) is a Kauffman triple, and are called the skein relations.
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K1 K0 K∞
Figure 1. Kauffman triple
The Kauffman bracket skein algebra of a surface goes back to [T91]. It is easy to see that the subspace
spanned by all closed skeins is a subalgebra, and often this subalgebra is the only focus of attention
(e.g. [L17]); however, we shall see that we need the full skein algebra.
3.2. Square-root quantum Teichmu¨ller space. The skein algebra SA(Σ,P) is in general non-
commutative, and is commutative when A = ±1. It has been observed that the family of algebras
SA(Σ,P), with fixed (Σ,P) and A being a varying parameter, yields a version of quantization of the
so-called SL2(C)-character variety of the surface Σ \ P with respect to the Goldman-Weil-Petersson
Poisson structure; see [BW11] for references. On the other hand, this character variety is closely
related to the (enhanced) Teichmu¨ller space equipped with the Weil-Petersson Poisson structure, and
a corresponding quantum version is established by Chekhov-Fock [CF99] [F97] and by Kashaev [K98],
as explained in §2.3 of the present paper. Thus it is a natural expectation that the skein algebras
SA(Σ,P) should be related to the quantum Teichmu¨ller space, and a precise map relating them is what
Bonahon and Wong constructed in [BW11]. However, the image of the Bonahon-Wong map lies not in
the quantum Teichmu¨ller space as presented in §2.3, but its square-root version, which we now recall.
Following [BW11] and [H10], the Chekhov-Fock algebra T q∆ shall be re-defined in a slightly different
way than in Def.2.15. Another quantum parameter ω is introduced, and two algebras T ω∆ and T q∆ will
be constructed, such that T q∆ is embedded in T ω∆ .
Definition 3.3 ([BW11] [H10]). • Let t be an oriented P-triangle, and let et,1, et,2, et,3 be the three
sides of t appearing clockwise this order. In this definition, each side is viewed as a map from a closed
interval into the triangle, not just as its image, hence these three sides are distinct, whether or not t is
self-folded. The triangle algebra T ωt associated to t and a nonzero complex parameter ω, is defined as
the algebra over C generated by three elements Ẑt,1, Ẑt,2, Ẑt,3, and their inverses Ẑ−1t,1 , Ẑ
−1
t,2 , Ẑ
−1
t,3 , with
relations
Ẑt,1Ẑt,2 = ω
2Ẑt,2Ẑt,1, Ẑt,2Ẑt,3 = ω
2Ẑt,3Ẑt,2, Ẑt,3Ẑt,1 = ω
2Ẑt,1Ẑt,3,
together with the trivial relations Ẑt,iẐ
−1
t,i = Ẑ
−1
t,i Ẑt,i = 1, i = 1, 2, 3.
• The generators Ẑt,1, Ẑt,2, Ẑt,3 of T ωt are thought of as associated to the three sides et,1, et,2, et,3.
In particular, when the sides et,1, et,2, et,3 are named e, f, g, then Ẑt,e, Ẑt,f , Ẑt,g denote Ẑt,1, Ẑt,2, Ẑt,3
respectively.
• Let ∆ be a triangulation of a generalized marked surface (Σ,P). Write all triangles of ∆ as
t1, t2, . . . , tm; in particular, m = |F(∆)|. Consider the tensor product algebra
m⊗
j=1
T ωtj = T ωt1 ⊗ · · · ⊗ T ωtm .
When referring to an element Z1⊗Z2⊗ · · · ⊗Zm of
⊗m
j=1 T ωtj , where some factor Zj equals to 1 ∈ T ωtj
then we may omit that factor, if one can still see clearly which factor of that element lives in which
factor of the tensor product algebra. The element 1⊗ 1⊗ · · · ⊗ 1 is denoted by 1.
• To each edge e of ∆, we associate an element Ẑe of
⊗m
j=1 T ωtj defined as:
(1) If e is an internal edge that is not a self-folded edge, then e is a side of two distinct triangles
tj and tk; in this case, let Ẑe := Ẑtj ,e ⊗ Ẑtk,e.
(2) If e is a self-folded edge of a triangle tj, let e1, e2, f be the three sides of tj appearing clockwise
this order, with images of e1 and e2 coinciding hence being a self-folded edge; in this case, let
Ẑe := ω
−1Ẑtj ,e1Ẑtj ,e2 = ωẐtj ,e2Ẑtj ,e1 .
(3) If e is a boundary edge, and belongs to a triangle tj, then let Ẑe := Ẑtj ,e.
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We also define an element X̂e of
⊗m
j=1 T ωtj as
X̂e := Ẑ
2
e .
• Let
q = ω4.
Inside
⊗m
j=1 T ωtj , define
T ω∆ := the subalgebra of
⊗m
j=1 T ωtj generated by {Ẑe, Ẑ−1e | e ∈ ∆},
T q∆ := the subalgebra of
⊗m
j=1 T ωtj generated by {X̂e, X̂−1e | e ∈ ∆}.
(3.1)
Both are called the Chekhov-Fock algebras associated to ∆.
It is easy to observe that the generators of the Chekhov-Fock algebras satisfy the relations
ẐeẐf = ω
2εef Ẑf Ẑe, ∀e, f ∈ ∆,
and hence
X̂eX̂f = q
2εef X̂f X̂e, ∀e, f ∈ ∆.
Keep in mind that we have injective algebra homomorphism
T q∆ ↪→ T ω∆ : X̂e 7→ Ẑ2e , ∀e ∈ ∆.
From now on, we will only use Def.3.3, instead of Def.2.15.
In order to obtain quantum coordinate change maps for the square-root generators as rational formulas,
we need to consider the following.
Definition 3.4 ([BW11] [H10]). • Denote by Ẑe1 , Ẑe2 , . . . , Ẑen the generators of the Chekhov-Fock
algebra T ω∆ , associated to the edges of ∆ labeled by e1, e2, . . . , en; in particular, n = |∆|. A monomial
in T ω∆ is an element ωN Ẑk1e1 Ẑk2e2 · · · Ẑknen for some N, k1, k2, . . . , kn ∈ Z. A monomial ωN Ẑk1e1 Ẑk2e2 · · · Ẑknen
is said to be balanced if, for every triangle tj of ∆, the exponents ki of the generators Ẑei associated
to the three sides of tj add up to an even number. The exponent ki for a self-folded edge ei is counted
twice in this sum.
• The Chekhov-Fock (balanced) square-root algebra Zω∆ is defined as the subspace of the Chekhov-Fock
algebra T ω∆ spanned by all balanced monomials of T ω∆ .
• The balanced square-root fraction algebra, denoted by F̂rac(Zω∆), is defined as the subset of Frac(T ω∆ )
consisting of elements that can be written as P/Q, with P ∈ Zω∆ and Q ∈ T q∆ ⊂ T ω∆ .
As mentioned in [BW11], one can check that Frac(T q∆) is naturally contained in F̂rac(Zω∆). Hiatt [H10]
constructed quantum coordinate change maps for the (balanced) square-root algebras extending that
Φq∆,∆′ for the usual Chekhov-Fock algebras, in the following sense.
Proposition 3.5 (Hiatt [H10]; see also [BW11]). Let (Σ,P) be a triangulable generalized marked
surface. Let q, ω be complex numbers s.t. q = ω4. There exists an algebra isomorphism
Θω∆,∆′ : F̂rac(Zω∆′)→ F̂rac(Zω∆)
associated to each pair ∆,∆′ of triangulations of (Σ,P), satisfying:
(1) the restriction of Θω∆,∆′ to Frac(T q∆) coincides with the map Φq∆,∆′ of Prop.2.16, and
(2) the consistency relation holds
Θω∆,∆′′ = Θ
ω
∆,∆′ ◦Θω∆′,∆′′
for each triple ∆,∆′,∆′′ of triangulations.
Construction of Θω∆,∆′ of Hiatt [H10] is somewhat technical, and his definition of the algebras Zω∆, T ω∆ ,
T q∆, and F̂rac(Zω∆) involves only generators Ẑi associated to internal edges i only. In fact, as pointed
out in [BW11], this map Θω∆,∆′ is much better understood in terms of operators on Hilbert spaces, and
this way we can also conveniently deal with the generators for the boundary edges too. Such is also
a natural way to obtain Prop.2.16 for the general Chekhov-Fock algebras, instead of just for internal
Chekhov-Fock algebras, as mentioned earlier. This operator-theoretic viewpoint will be made clear and
explicit e.g. in an upcoming work [KS], and we will not go into details here, because it suffices to just
have results for internal Chekhov-Fock algebras, for the purposes of the present paper.
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Similarly for the case of Frac(T q∆), by the square-root quantum Teichmu¨ller space we mean the quotient
of the disjoint union of all F̂rac(Zω∆) by the equivalence relation given by the identifications Θω∆,∆′ . Also,
as an analog of Def.2.17, the ring of quantum square-root regular functions can be defined as
Lω∆ :=
⋂
∆′
Θω∆,∆′(Zω∆′) ⊂ Zω∆ ⊂ F̂rac(Zω∆),(3.2)
by a slight abuse of notation with the previously defined symbol Lq∆. As Θ
ω
∆,∆′ induces a natural
isomorphism from Lω∆′ to L
ω
∆, we may denote L
ω
∆ for all ∆’s collectively as L
ω = Lω(Σ,P), or understand
this situation as Lω =
⊔
∆ L
ω
∆/∼, where ∼ is the equivalence relation coming from the maps Θω∆,∆′ .
3.3. Quantum trace map. If we restrict our attention only to triangulable generalized marked sur-
faces (Σ,P) with empty boundary, i.e. so-called punctured surfaces, we are ready to state the result of
Bonahon-Wong, namely a map from the skein algebra of this surface to the square-root quantum Te-
ichmu¨ller space. In the meantime, one of the major defining properties of this map is the cutting/gluing
property, which is a certain compatibility that holds when cutting the surface (together with a skein)
along a P-arc, i.e. an edge of some triangulation. Thus, in order to fully reflect this property, it is not
just a luxury but rather a must, that we state Bonahon-Wong’s result in complete generality for any
triangulable generalized marked surface, instead of only for punctured surfaces without boundary.
Bonahon and Wong [BW11] described the process of gluing surfaces and skeins along two boundary
arcs of a not-necesarily-connected surface. To conveniently attain uniqueness of such a process, we
instead formulate everything in terms of cutting.
Definition and Lemma 3.6 (cutting construction). Let (Σ,P) be a generalized marked surface, not
necessarily connected nor triangulable. Let b be a P-arc in Σ, and assume that the interior b˚ of b lies
in the interior Σ \ ∂Σ of the surface.
• Let (Σ′,P ′) be the unique generalized marked surface obtained from (Σ,P) by cutting along b. In
particular, there is a natural map Σ′ → Σ, whose restriction to P ′ yields a correspondence P ′ → P.
The pre-image of b under Σ′ → Σ is the union of two boundary arcs of (Σ′,P ′), denoted by b1 and b2.
• Suppose that K ⊂ (Σ \ P) × [0, 1] is a framed link. The above process of cutting along b uniquely
yields a framed link K ′ ⊂ (Σ′ \ P ′) × [0, 1], equipped with a map K ′ → K. The number of pre-images
of x ∈ K under K ′ → K is 2 if x ∈ b, and is 1 otherwise.
• Suppose further that (Σ,P) is triangulable, and that ∆ is a triangulation of (Σ,P) such that b is
an internal edge of ∆, i.e. b ∈ ∆˚. The process of cutting along b uniquely yields a triangulation ∆′ of
(Σ′,P ′).
• In each of the above three situations, we say that the new object (for (Σ′,P ′)) is obtained from the
former by cutting along b.
Lemma 3.7 ([BW11]). Suppose the situation of Def.3.6, and ω ∈ C∗. The triangles of ∆ are naturally
in one-to-one correspondence with those of ∆, and the sides of each triangle of ∆ are naturally in one-to-
one correspondence with those of the corresponding triangle of ∆′. Hence we have a natural isomorphism⊗
t∈F(∆) T ωt →
⊗
t′∈F(∆′) T ωt′ of algebras, and this restricts to an injective algebra homomorphism
Zω∆ → Zω∆′(3.3)
between the Chekhov-Fock (balanced) square-root algebras.
Definition 3.8 ([BW11]). Let (Σ,P) be a generalized marked surface, not necessarily triangulable. Let
A ∈ C∗, and let SA(Σ,P) be the skein algebra defined in Def.3.2.
• A state for a skein [K] ∈ SA(Σ,P) is an assignment s : ∂K → {+,−} of a sign to each point of
∂K, i.e. to each end-point of K. A stated skein is a skein [K] endowed with a state, denoted by [K, s].
For a closed skein [K], i.e. when ∂K = Ø, the only stated skein with underlying skein [K] is denoted
by [K,Ø]. The stated skein algebra SAs (Σ,P) is the algebra consisting of linear combinations of stated
skeins, whose product structure and the skein relations are defined as for SA(Σ,P).
• Suppose that (Σ′,P ′) is obtained from (Σ,P) by cutting along a P-arc b of Σ, and that a skein
[K ′] ∈ SA(Σ′,P ′) is obtained from a skein [K] ∈ SA(Σ,P) through this cutting process, as described
in Def.3.6. We say that the states s′ : ∂K ′ → {+,−} and s : ∂K → {+,−} for these skeins are
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ε1 ε2
(a)
ε1
ε2
(b)
Figure 2. Elementary cases of a skein in a triangle
compatible if the following holds: for each x′ ∈ ∂K ′, denote by x ∈ K the image of x′ under the map
K ′ → K in Def.3.6
(C1) If x ∈ ∂K, then s′(x′) = s(x);
(C2) If x /∈ ∂K, i.e. x ∈ b, so that the pre-image of x under K ′ → K is {x′, x′′}, then s′(x′) = s′(x′′).
We can finally state the result of Bonahon and Wong in full generality.
Proposition 3.9 (the quantum trace map; the main theorem of [BW11]). Let A,ω be nonzero complex
numbers s.t. A = ω−2. Then there is a unique family of algebra homomorphisms
Trω∆ = Tr
ω
(Σ,P);∆ : SAs (Σ,P)→ Zω∆(3.4)
from the stated skein algebra to the Chekhov-Fock (balanced) square-root algebra, defined for each tri-
angulable marked surface (Σ,P) and each triangulation ∆ of (Σ,P), satisfying:
(1) (Cutting Property1) Suppose that (Σ′,P ′), ∆′, and [K ′] are related to (Σ,P), ∆, and [K] as in
Def.3.6, i.e. the former are obtained by cutting the latter along an internal edge of ∆. Then
for each state s for the skein [K], we have
Trω(Σ,P);∆([K, s]) =
∑
compatible s′
Trω(Σ′,P′);∆′([K
′, s′]),
where the sum is over all states s′ for the skein [K ′] for the cut surface (Σ′,P ′) that are
compatible with s in the sense of Def.3.8. The left-hand-side, which is a priori an element of
Zω∆, is viewed as an element of Zω∆′ via the embedding map in eq.(3.3).
(2) (Elementary Cases) Suppose that (Σ,P) is a non-self-folded triangle, i.e. Σ is homeomorphic
to a closed disc, and P consists of three marked points on the boundary; let ∆ denote its unique
triangulation. Suppose [K, s] ∈ SAs (Σ,P) is a stated skein where the projected diagram of K is
one of the two cases (a) and (b) in Fig.2, where ε1, ε2 denote the signs associated by the state
s. For each case, we have:
(a) Suppose that Ẑ1 and Ẑ2 are the generators of the Chekhov-Fock algebra T ω∆ of eq.(3.1)
associated to the edges of ∆ carrying the signs ε1 and ε2 in Fig.2.(a), respectively. In
particular, Ẑ1Ẑ2 = ω
2Ẑ2Ẑ1. Then,
Trω(Σ,P);∆([K, s]) =
{
0 if ε1 = − and ε2 = +,[
Ẑε11 Ẑ
ε2
2
]
otherwise,
(3.5)
where
[
Ẑε11 Ẑ
ε2
2
]
:= ω−ε1ε2Ẑε11 Ẑ
ε2
2 = ω
ε1ε2Ẑε22 Ẑ
ε1
1 , where a sign ε = ± in the exponent
means ±1 respectively.
(b) If the endpoint of K marked by the sign ε1 has higher elevation than the other endpoint
marked by ε2, then
Trω(Σ,P);∆([K, s]) =
 0 if ε1 = ε2,−ω−5 if ε1 = + and ε2 = −,
ω−1 if ε1 = − and ε2 = +.
For a triangulated generalized marked surface, cutting along all the internal edges of the triangulation
yields disjoint union of non-self-folded triangles. Also, using the skein-relations repeatedly, any stated
1Bonahon and Wong [BW11] call this ‘State Sum Property’
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skein [K, s] ∈ SAs (Σ,P) can be written as a linear combination of stated skeins whose projected diagrams
have no crossing at all. Therefore, the properties of Trω(Σ,P);∆ in Prop.3.9 completely determine the
values of the maps Trω(Σ,P);∆, if the existence of these maps is assumed.
A crucial property of Bonahon-Wong quantum trace is its compatibility with the quantum coordinate-
change maps.
Proposition 3.10 ([BW11]). Let ∆,∆′ be triangulations of a triangulable generalized marked surface
(Σ,P). Then we have
Trω∆ = Θ
ω
∆,∆′ ◦ Trω∆′ ,
where Θω∆,∆′ : F̂rac(Zω∆′) → F̂rac(Zω∆) is the quantum coordinate-change isomorphism in Prop.3.5.
More precisely, for each stated skein [K, s] ∈ SAs (Σ,P), with A = ω−2, the balanced Laurent polynomial
Trω∆′([K, s]) ∈ Zω∆′ is sent by Θω∆,∆′ to the balanced Laurent polynomial Trω∆([K, s]) ∈ Zω∆.
In particular, the images of Bonahon-Wong quantum trace map are balanced Laurent polynomials in
the square-root generators for any triangulation, hence belong to Lω∆ defined in eq.(3.2).
We now briefly introduce Allegretti-Kim’s idea [AK17] to use the Bonahon-Wong quantum trace
to obtain a solution to the quantum ordering problem discussed in §2.4. Consider a P-knot γ in
a triangulable generalized marked surface (Σ,P); that is, γ is a simple loop in the surface Σ \ P.
Then γ represents an element [γ] of pi1(Σ \ P), say, if we choose a basepoint. Given any point ρ of the
Teichmu¨ller space T (Σ,P) defined by eq.(2.1), one considers the monodromy ρ([γ]), which is an element
of PSL(2,R) defined up to conjugation in PSL(2,R); then |trace(ρ([γ]))|, the absolute value of the trace
of this monodromy, is a well-defined real number. This provides a smooth function I(γ) on X+(Σ,P),
whose value at each point (ρ,O) is defined to be |trace(ρ([γ]))|. It turns out that the function I(γ) is
a (positive-)integer-coefficient Laurent polynomial in the square-roots X
1/2
e of the exponentiated shear
coordinate functions, for any chosen ideal triangulation ∆ of (Σ,P). Based on these functions which
naturally arise geometrically, Fock and Goncharov [FG06] found a basis of the ring of all universally
Laurent functions, i.e. functions that are Laurent polynomials in the exponentiated shear coordinate
functions for every ideal triangulation, where this basis is enumerated by ‘integral laminations’ on the
surface Σ \ P, which are multicurves with integer weights under certain condition. One can view a
simple loop γ as a special example of an integral lamination. In order to construct a quantum version
Îω(γ) that deforms the classical function I(γ), we first lift the curve γ living in the surface Σ \ P to a
framed link in 3d manifold (Σ \ P)× [0, 1].
Definition 3.11. Let (Σ,P) be a generalized marked surface. Let γ be a simple closed curve in Σ \ P,
i.e. a closed P-link in Σ.
Denote by Kcγ the framed link in (Σ\P)× [0, 1] obtained as the lift of γ at a constant elevation c ∈ [0, 1]
with upward vertical framing everywhere. We call Kcγ a constant-elevation lift of γ. We may denote
Kcγ by Kγ without specifying c.
An easy observation:
Lemma 3.12. A closed framed link K in (Σ \ P) × [0, 1] is isotopic to a framed link whose projected
diagram in Σ has no crossing at all if and only if K is isotopic to a constant-elevation lift Kγ of a
simple closed curve γ in Σ \ P.
The equivalence class [Kγ ] ∈ SA(Σ,P) of this constant-elevation lift of γ is a closed skein, i.e. is
without boundary. Choose any ideal triangulation ∆ of (Σ,P), and apply the Bonahon-Wong quantum
trace map in eq.(3.4) to the stated skein [Kγ ,Ø] ∈ SAs (Σ,P); the resulting element of Zω∆ is the
Allegretti-Kim quantum element associated to I(γ):
Îω∆(γ) := Tr
ω
(Σ,P);∆([Kγ ,Ø]) ∈ Lω∆ ⊂ Zω∆.(3.6)
Treatment for more general integral laminations need several more crucial ideas. See [AK17] for this,
and also for various favorable properties enjoyed by these quantum elements; see also [CKKO17] for
an important positivity property. For example, on the nose, we have the quantum mutation compat-
ibility Îω∆(γ) = Θω∆,∆′ (̂Iω∆′(γ)), and it is relatively easy to see that Îω∆(γ) indeed recovers the classical
function I(γ) when ω = 1 (see e.g. [BW11]). In particular, the assignment I(γ) 7→ Îω(γ) = Îω∆(γ) =
Trω(Σ,P);∆([Kγ ,Ø]) provides a partial answer to the quantum ordering problem mentioned in §2.4; see
[AK17] for a full answer, which requires algebraic manipulations including Chebyshev polynomials.
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3.4. Biangles. Although Propositions 3.9 and 3.10 completely describe and determine the Bonahon-
Wong quantum trace map, they are not very convenient when it comes to actual computation of the
images. For any given stated skein [K, s] ∈ SAs (Σ,P), there is a more direct algorithm that enables us
to compute the quantum trace Trω∆([K, s]) called the ‘state-sum formula’, which we shall recall in §3.5.
As a preliminary step for that formula, we first recall the quantum trace for biangles, in the present
subsection.
Recall that a biangle B is a generalized marked surface (Σ,P), with Σ homeomorphic to a closed
disc, which in particular has one boundary component, where P consists of two marked points on the
boundary. As noted in Lem.2.5, it is not triangulable, hence there is no Bonahon-Wong quantum trace
map (Prop.3.9) associated to it; in particular, the quantum Teichmu¨ller space is not defined. However,
its stated skein algebra makes sense, because Definitions 3.2 and 3.8 apply. Any P-arcs connecting
the two marked points are P-isotopic, hence are boundary arcs in the sense of Def.2.3. So, just for
biangles B, let’s say that a boundary arc of B is a P-arc in B lying inside the boundary circle ∂Σ.
Recall that in our notations, we have ∂B = ∂Σ \ P, and ∂B consists of two connected components,
each corresponding to a boundary arc of B. Let’s say that a P-arc in B is an internal arc if its interior
is contained in the interior of Σ. Recall that each generalized marked surface (Σ,P) is equipped an
orientation on Σ. Hence, by a biangle we automatically mean an oriented biangle. Notice that any two
biangles are homeomorphic.
For an (oriented) biangle B viewed as a generalized marked surface as above, choose an internal arc
b connecting the two marked points of B. Then, cutting B along b yields a unique generalized marked
surface (Σ′,P ′) as described in Def.3.6. One easily observes that (Σ′,P ′) is a disjoint union of two
biangles. Here is an analog of Prop.3.9 for biangles:
Proposition 3.13 (quantum trace for biangles; [BW11]). Let A be a nonzero complex number. Let a
and b be complex numbers s.t.
a2 + b2 = A5 +A and ab = −A3.(3.7)
Then there is a unique family of algebra homomorphisms
Tr
(a,b)
B : SAs (B)→ C
defined for all (oriented) biangles B, such that
(1) (Cutting Property) Let B = (Σ,P) be a biangle, and [K, s] ∈ SAs (B) be a stated skein for B.
Let (Σ′,P ′) be the generalized marked surface obtained by cutting B along an internal arc of
B, as described in Def.3.6. Then (Σ′,P ′) is disjoint union of two oriented biangles B1 and B2,
and the framed link K ⊆ B × [0, 1] yields framed links K1 ⊆ B1 × [0, 1] and K2 ⊆ B2 × [0, 1] by
this cutting process. Then one has
Tr
(a,b)
B ([K, s]) =
∑
compatible s1, s2
Tr
(a,b)
B1
([K1, s1]) Tr
(a,b)
B2
([K2, s2]),
where the sum is over all pairs of states s1 : ∂K1 → {+,−} and s2 : ∂K2 → {+,−} that
comprise states s′ : ∂K ′ → {+,−} of (Σ′,P ′) that are compatible with s : ∂K → {+,−} in the
sense of Def.3.8.
(2) (Elementary Cases) For a single biangle B, suppose [K, s] ∈ SAs (B) is a stated skein for B
consisting of one component, and the projected diagram is one of the first two cases (a) and (b)
in Fig.3, where ε1, ε2 denote the signs associated by the state s. The orientation on B is such
that the clockwise orientation on the boundary of B is indicated by arrows in Fig.3. For each
case, we have:
(a) One has
Tr
(a,b)
B ([K, s]) =
{
1 if ε1 = ε2,
0 if ε1 6= ε2;
(b) If the endpoint of K marked by the sign ε1 has higher elevation than the other endpoint
marked by ε2, then
Tr
(a,b)
B ([K, s]) =
 0 if ε1 = ε2,a if ε1 = + and ε2 = −,
b if ε1 = − and ε2 = +.
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K
K
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ε1
ε2
K
B
K
B
ε1 ε2
ε3 ε4
(a) (b) (c) (d)
Figure 3. elementary skeins for biangle (arrows for K are for later use)
It is easy to see that, for a given A ∈ C∗, there are only four solutions of (a,b) for the equations
a2 + b2 = A5 + A and ab = −A3, namely (a,b) = ±((A1/2)5,−A1/2) and ±(A1/2,−(A1/2)5), for any
chosen and fixed square root A1/2 of A. Later, we shall choose a specific one of these four solutions.
Another consequence of the above proposition is that, for case (c) of Fig.3, if we assume that the
endpoint of K marked by ε1 has higher elevation than the other endpoint of K, the above map satisfies
([BW11, Lem.14])
Tr
(a,b)
B ([K, s]) =
 0 if ε1 = ε2,−A−3a if ε1 = + and ε2 = −,−A−3b if ε1 = − and ε2 = +,
and if [K,Ø] projects to a small circle embedded in a single biangle B, then ([BW11, Lem.17])
Tr
(a,b)
B ([K,Ø]) = −A2 −A−2.
Now, for any given stated skein for a single biangle B, by using skein relations one can resolve it to
linear combination of stated skeins whose projected diagrams are without crossing, and therefore the
value under Tr
(a,b)
B can be computed.
One caveat is that even when the projected diagram of a stated skein [K, s] over B is without crossing,
the value of the biangle quantum trace can still be complicated, instead of being just products of the
above special cases. As an example which we shall revisit later, in case (d) of Fig.3 when the projected
diagram consists of two disjoint parallel lines, if we further assume that the elevation of the point
marked by ε1 is lower than the point marked by ε3, while the point ε2 is higher than the point ε4, then
one verifies that (see [BW11, Lem.22]):
Tr
(a,b)
B ([K, s]) =

A if ε1 = ε2 = ε3 = ε4,
A−A−4a2 if ε1 = ε4 = − and ε2 = ε3 = +,
A−A−4b2 if ε1 = ε4 = + and ε2 = ε3 = −,
−A−4ab if ε1 = ε2 6= ε3 = ε4,
0 otherwise.
(3.8)
Genuinely simple basic cases can be conveniently described if we adapt the peculiar picture conven-
tion of Bonahon-Wong [BW11, §3.5] which we are not using in the present paper. If the projected
diagram consists of disjoint parallel lines under this Bonahon-Wong picture convention, then the value
Tr
(a,b)
B ([K, s]) is either 0 or 1. This translates to the following simple observation:
Lemma 3.14 (biangle factor of a skein whose projected diagram is parallel lines). Let [K, s] be a stated
skein over a biangle B. Let ω ∈ C∗, A := ω−2, and let (a,b) be a pair of complex numbers satisfying
eq.(3.7). Let e and e′ be the two boundary arcs of B, constituting the boundary of B. Suppose that the
framed link K ⊂ B × [0, 1] satisfies:
(1) the projected diagram of K in B consists of disjoint parallel lines (under our picture convention,
not necessarily under Bonahon-Wong convention);
(2) the ordering on the segments of K induced by the elevations of the points of ∂K ∩ (e × [0, 1])
(i.e. the endpoints of the segments of K over e) coincides with that induced by the elevations
of the points of ∂K ∩ (e′ × [0, 1]).
If, for every segment of K, its two endpoints are assigned the same sign by s, then Tr
(a,b)
B ([K, s]) = 1.
Otherwise, Tr
(a,b)
B ([K, s]) = 0.
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Proof. Let k1, . . . , kr be the segments of K, i.e. the components of K. For each j = 1, . . . , r, let
Ij ⊂ [0, 1] be the image of kj under the projection B × [0, 1] → [0, 1] to the second factor, i.e. the
collection of elevations of the points of kj . By condition (2), we see that I1, . . . , Ir are mutually disjoint.
So one can rename these segments so that the sequence k1, . . . , kr is arranged in the increasing order
of elevations. Since Tr
(a,b)
B : SAs (B)→ C is an algebra homomorphism (Prop.3.13), where the product
in SAs (B) is given by the superposition operation, it follows
Tr
(a,b)
B ([K, s]) = Tr
(a,b)
B ([k1, s1]) Tr
(a,b)
B ([k2, s2]) · · · Tr(a,b)B ([kr, sr]).
Each Tr
(a,b)
B ([kj , sj ]) falls into the case of Prop.3.13.(2)(a), hence the claim follows.
3.5. State-sum formula. The sought-for state-sum formula for Trω∆ requires the notion of ‘split’ ideal
triangulation ∆̂ of an ideal triangulation ∆, where each edge of ∆ is replaced by a biangle. Then the
complexity of a skein caused by elevations shall be pushed to biangles by isotopy.
Definition 3.15 ([BW11]). Let ∆ be a triangulation of a generalized marked surface (Σ,P). Recall that
∆ is a collection of P-arcs in Σ satisfying certain conditions. Denote the edges of ∆ by e1, e2, . . . , en,
and the triangles of ∆ by t1, t2, . . . , tm.
• For each edge ei of ∆ choose a P-arc e′i in Σ that is P-isotopic to ei, so that no two members of
the collection
∆̂ := ∆ ∪ {e′1, . . . , e′n}
intersect in Σ\P. Call this ∆̂ a split P-triangulation (or, split ideal triangulation, or split triangulation)
associated to the triangulation ∆. For each i, the region bounded by ei and e
′
i is called a biangle Bi.
The triangles formed by ∆̂ are in one-to-one correspondence with the triangles of ∆, and we denote
them by t̂1, . . . , t̂m, correspondingly.
• A framed link K in (Σ \ P) × [0, 1] is said to be in a good position if it satisfies (P1) and (P2) of
Def.3.2, as well as all of the following:
(GP1) For each constituent edge e of ∆̂, K is transverse to e × [0, 1]. In particular, K ∩ (e × [0, 1])
has at most finitely many elements;
(GP2) For every triangle t̂j of ∆̂, K∩(t̂j× [0, 1]) consists of finitely many disjoint arcs, each of which
is contained in a constant elevation surface (Σ \ P) × ∗ and joins two distinct components of
∂t̂j × [0, 1], where each component of ∂t̂j is a side of t̂j minus the vertices of ∂t̂j;
(GP3) For every triangle t̂j of ∆̂, the components of K∩ (t̂j× [0, 1]) lie at mutually distinct elevations,
and their framings are upward vertical.
Note that every triangle of ∆̂ has three distinct sides, even if the corresponding traingle of ∆ is self-
folded. In particular, in (GP2) above, for each triangle t̂j of ∆̂, the number of components of ∂t̂j , hence
also the number of components of ∂t̂j × [0, 1], is always three.
Lemma 3.16 ([BW11]). A framed link K in (Σ \ P) × [0, 1] can be isotoped to a framed link in good
position, through an isotopy respecting (FL1), (FL2), and (FL3) of Def.3.2.
For a framed link in a good position, the elevation change occurs only over the biangles. Note that a
framed link being in a good position does not guarantee that its projected diagram on a triangle of ∆̂
has no crossing.
We find it convenient to define some more words, both for stating Bonahon-Wong’s construction and
for later sections of the present paper.
Definition 3.17. Let (Σ,P), ∆, ∆̂, ei, e′i, tj, and t̂j be as in Def.3.15; in particular, i runs through
1, . . . , n and j runs through 1, . . . ,m. Let K be a framed link in (Σ \ P)× [0, 1] in a good position. Let
E∆̂ :=
⋃n
i=1(ei ∪ e′i). Then K is divided by E∆̂ × [0, 1] into (link) segments. Projection on Σ of each
segment of K is also called a (link) segment. The boundary points of a segment are called ∆̂-junctures
of K (or just junctures of K), or endpoints of that segment.
A ∆̂-juncture-state of K is a map J : {∆̂-junctures of K} → {+,−} assigning a sign to each juncture.
The word ‘junctures’ could have been defined as elements of K ∩ (E∆̂ × [0, 1]), or their projections in
Σ. The points of ∂K and their projections are also examples of junctures.
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Proposition 3.18 (state-sum formula of Bonahon-Wong quantum trace; [BW11, §6]). Let (Σ,P), ∆,
∆̂, ei, e
′
i, Bi, tj, and t̂j be as in Def.3.15, and K be a framed link in (Σ \P)× [0, 1] in a good position.
Let s : ∂K → {+,−} be a state for the skein [K] ∈ SAs (Σ,P). Let A,ω ∈ C∗ satisfy A = ω−2, and let
(a,b) = (−ω−5, ω−1).
Let J : {∆̂-junctures of K} → {+,−} be a ∆̂-juncture-state of K. For each triangle t̂j of ∆̂, let
Kj := K ∩ (t̂j × [0, 1]). Then [Kj , J |∂Kj ] is a stated skein for the triangle t̂j, where J |∂Kj is the
restriction of J to ∂Kj. Let kj,1, . . . , kj,lj be the components of Kj, in order of increasing elevation.
Then each [kj,α, J |∂kj,α ] is a stated skein for the triangle t̂j, where J |∂kj,α is the restriction of J to
∂kj,α. Then the element Tr
ω
t̂j
([kj,α, J |∂kj,α ]) of the triangle algebra T ωt̂j is defined via Prop.3.9(2)(a),
and the element Trω
t̂j
([Kj , J |∂Kj ]) of T ωt̂j is given by
Trω
t̂j
([Kj , J |∂Kj ]) = Trωt̂j ([kj,1, J |∂kj,1 ]) Tr
ω
t̂j
([kj,2, J |∂kj,2 ]) · · ·Trωt̂j ([kj,lj , J |∂kj,lj ]) ∈ T
ω
t̂j
.(3.9)
Via the natural map T ω
t̂j
→ T ωtj induced by the correspondence of the sides of the triangles, this element
Trω
t̂j
([Kj , J |∂Kj ]) can be viewed as an element of T ωtj .
For each biangle Bi which is bounded by ei and e
′
i, let Li := K ∩ (Bi × [0, 1]). Then [Li, J |∂Li ] is
a stated skein for the biangle Bi, where Bi is viewed as a generalized marked surface of its own, and
J |∂Li is the restriction of J to ∂Li. Define the Bonahon-Wong term for the ∆̂-juncture-state J of the
framed link K as
BWω
∆̂
(K; J) :=
(
n∏
i=1
Tr
(a,b)
Bi
([Li, J |∂Li ])
) m⊗
j=1
Trω
t̂j
([Kj , J |∂Kj ])
 ∈ m⊗
j=1
T ωtj ,(3.10)
where the number
∏n
i=1 Tr
(a,b)
Bi
([Li, J |∂Li ]) ∈ C is given by Prop.3.13. Then BWω∆̂(K; J) ∈ Zω∆ ⊂ T ω∆ .
Finally, one has
Trω∆([K, s]) =
∑
J:J|∂K=s
BWω
∆̂
(K; J) ∈ Zω∆ ⊂ T ω∆ ⊂
m⊗
j=1
T ωtj ,
where the sum is over all ∆̂-juncture-states J that restricts to the given state s.
The above proposition is what one can practically use for actual computation of the values of the
Bonahon-Wong quantum trace.
4. Gabella’s quantum holonomy
4.1. Branched double cover surface. Quantization of the trace-of-monodromy functions (for closed
curves) on the Teichmu¨ller space, namely the quantum ordering problem mentioned in §2.4, is also
of interest to physicists, as the coefficients of the monomials of the quantum version of the trace-of-
monodromy correspond to the so-called ‘framed protected spin characters’ in physics. A very interesting
solution to this quantum ordering problem is given by Gabella [G17]. Gabella’s construction is based
on the works of Gaiotto, Moore, and Neitzke [GMN13], [GMN14]. Part of the main ideas of these
latter works are the processes called ‘non-abelianization’ and ‘abelianization’. We start from a basic
ingredient, which is a certain branched (i.e. ramified) double cover of the surface Σ.
Definition and Lemma 4.1 (branched double cover surface of triangulated surface; [GMN13] [GMN14]).
Let (Σ,P) be a triangulable generalized marked surface, and ∆ be a triangulation of (Σ,P). We shall
construct a branched double cover
pi : Σ˜∆ → Σ
as follows. For each triangle t of ∆, choose a point vt in the interior of t. These points are called the
branch points, and let’s write the union of all these chosen branch points as
V :=
⋃
t∈F(∆)
{vt} ⊂ Σ.
For each edge e of the triangulation ∆, we choose an oriented curve ce : [0, 1]→ Σ \ P such that:
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Figure 4. Branch points, branch cuts, and Fock-Goncharov network
(B1) If e is an internal edge that is not self-folded, then e is a side of two distinct triangles tj and
tk; in this case, vtj and vtk are the two endpoints of ce;
(B2) If e is a self-folded edge of a triangle tj, then ce is a closed curve starting and ending at vtj ;
(B3) If e is a boundary edge, and belongs to a triangle tj, then ce starts from vtj and ends at a point
in the interior of e (i.e. in e \ P);
(B4) For edges e, f of ∆, one has |ce ∩ f | = δe,f ; that is, ce does not meet f if e 6= f , and ce meets
e exactly once;
(B5) Let c˚e := ce((0, 1)) be the interior of ce. Then each c˚e is a simple curve, and c˚e ∩ c˚f = Ø for
any two distinct edges e, f ∈ ∆.
These curves ce are called the branch cuts. Denote by
B := {ce | e ∈ ∆}
the set of all these chosen branch cuts; we may also refer to B as the union of the images of its members.
Cutting along all branch cuts in B yields a (disconnected) new generalized marked surface, which we
denote by Σ∆. Each branch cut ce of Σ corresponds to two curves c
′
e and c
′′
e in the boundary of Σ∆.
By a slight abuse of notation, these boundary arcs c′e and c
′′
e are also called branch cuts. Choose any
parametrization of ce; then each of c
′
e and c
′′
e naturally inherits the parametrization.
Take two copies of Σ∆; call these copies sheet 1 and sheet 2 respectively, and denote by Σ
(1)
∆ and Σ
(2)
∆ .
For each edge e ∈ ∆ and a sheet number i = 1, 2, the branch cuts c′e and c′′e in Σ(i)∆ are denoted by
c′e
(i)
and c′′e
(i)
respectively. We glue the two sheets Σ
(1)
∆ and Σ
(2)
∆ along the branch cuts, as follows.
For each e ∈ ∆, glue (i.e. identify) c′e(1) of Σ(1)∆ with c′′e (2) of Σ(2)∆ , and glue c′′e (1) of Σ(1)∆ with c′e(2)
of Σ
(2)
∆ , respecting the parametrizations of the cuts. Denote the resulting topological space by Σ˜∆. Let
pi : Σ˜∆ → Σ be the natural projection induced by the cuttings and gluings.
The branch points and branch cuts seem as illustrated in the left picture of Fig.4.
The above is a special case of a more general theory of branched K-fold cover of a surface, which
corresponds to a ‘Seiberg-Witten curve’ in physics [G12] [GMN12], equipped with a so-called ‘spectral
network’ [GMN13] [GMN14] which consists of ‘walls’, each of which is an oriented path in Σ starting at
a branch point ending at a puncture or a marked point, and each wall comes with a label (ij), for some
i, j ∈ {1, . . . ,K}. Here, the letter K stands for a positive integer called a level (see e.g. [GMN14]),
that has nothing to do with framed links, which is just an unfortunate conflict of notation. For our
purposes, we only need to consider the ‘Fock-Goncharov spectral network for level K = 2’ [GMN14],
which leads to the branched double cover in Def.4.1 above. Although we will not make a serious use
of this spectral network, we recall it here because it is a good way to convey the original ideas of the
construction of [G17] [GMN13] [GMN14].
Definition 4.2 (Fock-Goncharov spectral network for level K = 2; [GMN14] [G17]). Let (Σ,P) be a
triangulable generalized marked surface, ∆ be a triangulation of (Σ,P), and vt be a branch point chosen
in the interior of each triangle t.
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• A Fock-Goncharov spectral network for level K = 2 associated to ∆ is a collection W of oriented
simple paths w in Σ, called the walls, such that
(W1) In each triangle t of ∆, there are exactly three walls, each starting from the branch point vt and
ending at a vertex of t, and
(W2) No two walls are homotopic rel endpoints, and no two walls intersect except possibly at end-
points.
When we also have branch cuts ce as in Def.4.1, we require that the walls do not meet the branch cuts
except possibly at endpoints.
One observes that each wall corresponds to a corner of a triangle. One can view ∆ ∪W as a special
triangulation of the new generalized marked surface (Σ,P ∪ V) obtained from the original (Σ,P) by
adding interior marked points (i.e. punctures) at the branch points vt. See the middle picture of Fig.4.
Now, for each P-knot γ in Σ defined up to isotopy of P-knots, or a closed curve in Σ \ P defined
up to isotopy, we shall lift it to curves in the branched double cover Σ˜∆. The walls of the spectral
network are used to describe different possibilities of these lifted curves [GLM15] [G17], which we shall
recall in the following subsection. One of Gabella’s contribution [G17] is the incorporation of the ideas
of Bonahon-Wong [BW11] into such a construction, and it requires us to take into account the split
ideal triangulation ∆̂ of an ideal triangulation ∆, defined in Def.3.15 of §3.5. Namely, we ‘fatten’ the
construction of the branch cuts and the branched double cover surface at each edge of ∆, to obtain a
version for ∆̂. See the right picture of Fig.4.
Definition 4.3 (branched double cover surface for split triangulation). Let ∆ be a triangulation of
(Σ,P), pi : Σ˜∆ → Σ be the branched double cover constructed in Def.4.1, and letW be a Fock-Goncharov
spectral network for level K = 2 associated to ∆ as in Def.4.2.
Let ∆̂ be a split triangulation of ∆, as in Def.3.15. So, for each edge ei ∈ ∆, we have ei, e′i ∈ ∆̂,
where e′i is P-isotopic to ei, where ei and e′i forms the biangle Bi.
We will suppose that we chose e′i close enough to ei so that the following hold:
(B6) Each branch point vt of triangle t of ∆ chosen in Def.4.1 lies in the interior of the triangle t̂
of ∆̂ corresponding to t, and we write vt̂ = vt;
(B7) The branch cuts ce chosen in Def.4.1 satisfies |cei ∩ e′j | = δi,j, and we write ce′i = cei ;
(B8) The edges e′i do not meet the walls of W except possibly at endpoints.
We regard pi : Σ˜∆ → Σ as a branched double cover of Σ associated to the split ideal triangulation ∆̂.
4.2. Lifting paths to branched double cover surface. The original object of study is the enhanced
Teichmu¨ller space X+(Σ,P) of a generalized marked surface (Σ,P), defined in Def.2.12. One standard
way of studying this space is to view it as the moduli space of PSL(2,R)-local systems on Σ\P satisfying
some conditions [FG06], together with certain data at the ‘asymptotic boundary points’ P. Recall
that, for a Lie group G, a G-local system on a manifold means a principal G-bundle on the manifold
together with a flat G-connection on it. The ‘abelianization’ and the ‘non-abelianization’ processes of
Gaiotto-Moore-Neitzke [GMN13] build a correspondence between the moduli space of (certain) GLK-
local systems on the original surface Σ \ P and the moduli space of (certain) GL1-local systems on a
K-fold branched cover Σ˜ of Σ\P. When going to the K-fold branched cover, a gain is that the structure
Lie group becomes abelian, with a trade-off that the surface becomes more complicated. The advantage
of dealing with an abelian flat connection is that it is easier to come up with and deal with coordinate
systems of the moduli space, which also helps the quantization problem. A crucial formula in this
story is the expression of a GLK holonomy of a loop on Σ \ P in terms of GL1 holonomy of loops on
Σ˜, or more generally, such an expression relating the parallel transport maps for not-necessarily-closed
curves.
Thus, for our case, given a curve in Σ \ P defined up to isotopy, we must investigate how to lift it to
a curve in the branched double cover surface Σ˜∆ along the branched covering map pi : Σ˜∆ → Σ, where
the lifted curve is also considered up to isotopy in Σ˜∆. Because of the branch points, an isotopy class
of a single curve in Σ\P has many non-isotopic lifts in Σ˜∆. One way to parametrize these lifts is using
‘detours’ around branch points.
22
Definition 4.4 (detours of curves at walls; [GMN13]). Let (Σ,P), an ideal triangulation ∆, a split
ideal triangulation ∆̂, the branch points V, the branch cuts B, the branched double cover pi : Σ˜∆ → Σ,
and the Fock-Goncharov spectral network W be as in Def.4.1, 4.2, and 4.3.
• Let γ be an oriented and connected continuous curve in (Σ,P) avoiding P ∪ V and transverse to
W. More precisely, let γ be represented as a continuous map γ : [a, b] → Σ \ (P ∪ V) for some closed
interval [a, b] in R, where γ(a) may or may not coincide with γ(b), and each p ∈ [a, b] s.t. γ(p) ∈ W
has a neighborhood Np in [a, b] s.t. γ(Np) ∩W = {γ(p)}. Such γ is called a W-curve in Σ.
• Let γ : [a, b] → Σ be a W-curve in Σ, and let p ∈ [a, b] s.t. γ(p) ∈ w ∈ W. We say that γ
passes through the wall w clockwise (at p or γ(p)) if the orientation of γ|Np is clockwise with respect
to the branch point vt of the triangle where w lives in. Define the counterclockwise case accordingly.
• Let γ : [a, b] → Σ be a W-curve in Σ, and suppose that γ(a) = γ(b) ∈ w for some wall w ∈ W
living in a triangle t̂ of ∆̂. Suppose also that γ([a, b]) ⊂ t̂, and that γ bounds a disc whose interior
contains the branch point vt̂, where t̂ is the triangle of ∆̂ containing w. We say that such γ is a
detour for the wall w (around the branch point vt̂) based at γ(a) = γ(b). We say that the detour is
clockwise if it passes through w clockwise at x, and define the counterclockwise case respectively.
• Suppose that aW-curve γ : [a, b]→ Σ passes through a wall w ∈ W clockwise (resp. counterclockwise)
at the parameter p ∈ (a, b). Let D be a counterclockwise (resp. clockwise) detour for w based at γ(p).
Let γ′ be a new (oriented) W-curve obtained by concatenating the three curves γ|[a,p], D, and γ[p,b] in
this order. We say that γ′ is obtained from γ by adding a detour for the wall w based at p (or γ(p))
Notice that, in the above definition, we allow a W-curve to have self-intersections. At the end of the
day, everything will depend only up to isotopy, so when adding a detour D to a W-curve γ, it is wise
to choose a detour D minimizing the number of self-intersections of the resulting curve γ′ and also the
number of intersections of γ′ and ∆∪W∪B. In particular, we may assume that each self-intersection of
γ′ is of multiplicity two, i.e. γ′ passes through that point exactly twice. We might even have required
such minimality when defining the notion of adding a detour.
We used continuous curves instead of smooth curves, to avoid more complication. Of course, one could
carefully define the notion of adding detours within the class of smooth curves, like in e.g. [GMN13,
Fig.8]. We did not bother delving into much detail doing so, because we will eventually use a slightly
different method of dealing with detours, in which we do not lose smoothness of curves. Namely,
the difference between a W-curve γ and a new curve γ′ obtained by adding a detour, considered
up to isotopy, could be captured just by their relative positions with respect to the relevant branch
point. We shall make this viewpoint, which appeared already in [GMN13], more precise later in
upcoming subsections. One more advantage of this viewpoint over the usage of detours at walls,
besides smoothness versus continuity, is that we do not really need to consider the Fock-Goncharov
spectral network. However, for the moment, we first continue with the above idea of adding detours at
walls, to give intuition to readers, for it seems closer to Gabella’s approach [G17].
We now start lifting to the branched double cover surface. As we will lift sometimes to the branched
double cover or to the 3d manifold, and sometimes up to isotopy or not, we find it necessary to carefully
define the terms for each kind of lifting, to avoid confusion.
Definition and Lemma 4.5. Let (Σ,P), ∆, ∆̂, V, B, pi : Σ˜∆ → Σ, and W be as in Def.4.1, 4.2, and
4.3.
• Let γ : [a, b] → Σ be a W-curve in Σ, as defined in Def.4.4. An oriented continuous curve γ˜ :
[a, b] → Σ˜∆ is called a precise double-lift of γ if γ = pi ◦ γ˜. There are exactly two precise-double-lifts,
each determined by which sheet the starting point γ˜(a) lies on.
• A precise double-lift D˜ of a detour D in Σ (as defined in Def.4.4) necessarily starts and ends at
different sheets. We say D˜ is admissible if it starts from sheet 1 and ends at sheet 2, and non-admissible
otherwise.
• Let γ : [a, b]→ Σ be a W-curve in Σ. Suppose that γ′ is obtained from γ by adding several detours
based at mutually distinct points; we allow the case when no detour is added at all. A precise double-lift
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γ˜′ of γ′ is called a detoured double-lift of γ. We say that γ˜′ is admissible if all the added detours are
admissible.
The detours correspond to ‘BPS solitons’ in physics [G17] [GMN13]. An admissible detour D˜ in Σ˜∆ is
denoted by ‘detour of type (12)’, and a non-admissible one by ‘detour of type (21)’ in [G17]. In general
one can consider both types, but the Fock-Goncharov spectral network which we are using only allows
those of type (12).
Suppose γ is a closed W-curve. Then we shall consider all of its possible detoured double-lifts γ˜′ in
Σ˜∆ that are admissible. The result γ˜
′ will be considered only up to isotopy in Σ˜∆, hence we only need
to keep track of the points of intersections γ ∩ W where the detours are added. In the processes of
abelianization and non-abelianization, the GL2 parallel transport (or the holonomy) in Σ along γ would
correspond to the sum of GL1 parallel transports in Σ˜∆ along all admissible detoured double-lifts γ˜
′.
We refer the readers e.g. to [G17] for a description of these GL1 parallel transports. In the present
paper, we shall only focus on their quantum versions; in particular, one recovers the classical parallel
transports in the classical limit ~→ 0 (or q → 1).
4.3. Sheet-jumping paths in branched double cover surface, with 3d elevations. When it
comes to quantization of the moduli spaces for Σ or Σ˜∆, coordinate functions on the moduli space of
abelian flat connections on Σ˜∆ may not commute anymore. So, in the formula relating the parallel
transports, an appropriate quantum ordering must be chosen for each classical term associated to each
admissible detoured double-lift γ˜′ in Σ˜∆ of a W-curve γ in Σ, in order to enhance it to a quantum
term. Such was first considered by Galakhov, Longhi, and Moore [GLM15], and the idea is to use
the number of self-intersections of γ˜′ counted with sign, when determining the quantum ordering of
the term for γ˜′. Their way of determining the sign of a self-intersection is as follows. At each self-
intersection of the oriented curve γ˜′ : [a, b]→ Σ˜∆, which we assumed to be of multiplicity two, look at
two small parts of γ˜′ forming that intersection, see which part has the smaller parameter values in [a, b]
so that it came ‘earlier’ than the other part, and using this information distinguish two different kinds
of self-intersections. They didn’t explicitly use a three dimensional space, but they were implicitly
doing so, when they called the sum of signs of intersections by the name ‘writhe’. The use of the third
dimension was more clearly taken and developed by Gabella [G17], whose work is inspired by that of
Bonahon-Wong [BW11]. In a 3d manifold, it is more natural to define the signs of crossings and the
writhe.
Notice that in [GLM15], a quantization of parallel transport is constructed for open paths, namely a
path that is not necessarily closed. In particular, to apply the quantization construction of [GLM15] to
a closed curve, one must choose a basepoint to start with, and the resulting quantum parallel transport
may depend on this choice of basepoint. One of Gabella’s main ideas [G17] to construct a well-defined
quantum holonomy along an oriented loop using these quantum parallel transports of Galakhov-Longhi-
Moore [GLM15] is about a remedy of how to ‘close up’ at the starting point and the ending point of
a 3d lift of the loop. The choice of elevations of a lifted curve in the 3d manifold Σ˜∆ × [0, 1] made
in [GLM15] is the ‘always going up’ elevations; so the starting and ending points will be at different
elevations, hence a ‘going down’ path must be added in the end to obtain a closed path in Σ˜∆ × [0, 1].
For such closing-up, a certain complex-number correction factor is necessary, in order to make the final
result to be independent of the choice of basepoint. This correction factor, which Gabella refers to as
an R-matrix, is heavily inspired by the biangle factor of Bonahon-Wong [BW11], which was reviewed
in §3.4 of the present paper.
In the present paper, we describe Gabella’s construction completely in terms of oriented framed links
in the 3d space Σ˜∆× [0, 1]. The ‘off-diagonal’ term of Gabella’s R-matrix [G17, §5.3] will be interpreted
as representing a framed link in Σ˜∆× [0, 1] that jumps between the sheets at some points; in particular,
such a framed link has discontinuity at those points. We start building necessary terminology.
Definition 4.6. Let (Σ,P), ∆, ∆̂, V, B, pi : Σ˜∆ → Σ, and W be as in Def.4.1, 4.2, and 4.3.
• By a framed knot in (Σ \ P) × [0, 1] we mean a framed link K in (Σ \ P) × [0, 1] ⊂ Σ × [0, 1]
that satisfies (FL1), (FL2), and (FL3), consists of only one connected component, and is closed, i.e.
∂K = Ø.
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• Assume that K is a framed knot in (Σ \P)× [0, 1] in a good position, and assume that the projected
diagram of K does not meet V, i.e. does not meet any branch point. Such K is said to be double-liftable.
• Let K be an oriented framed knot in (Σ \ P) × [0, 1] in a good position. Let dl(K) be the set of
equivalence classes of all double-liftable oriented framed knots in (Σ \ P)× [0, 1] that are isotopic to K
within the class of oriented framed knots in a good position, where two such oriented framed knots are
defined to be equivalent if they are isotopic within the class of double-liftable oriented framed knots. We
identify an element of dl(K) with its representative oriented framed knot.
• Let K be an oriented double-liftable framed knot in (Σ \ P)× [0, 1]. Let α : [a, b] → (Σ \ P)× [0, 1]
be a smooth map representing the underlying knot, where α(a) = α(b). Let α˜ : [a, b]→ Σ˜∆ × [0, 1] be a
map that satisfies
(DL1) α = (pi × Id) ◦ α˜;
(DL2) α˜(a) = α˜(b);
(DL3) α˜ is continuous except possibly at a finite set. The images of points of discontinuities of α˜ lie
over the interiors of biangles of ∆̂. Over each segment of K over a biangle, there can be at
most one occurrence of discontinuity of α˜.
Let K˜ be the data consisting of such a map α˜, together with the framing on it that is uniquely inherited
from the framing of K. Such K˜ is called a sheet-jumping precise double-lift (in Σ˜∆ × [0, 1]) of K. Two
sheet-jumping precise double-lifts K˜ and K˜ ′ of K are equivalent if
(E1) the set of all segments of K over biangles containing discontinuities of K˜ coincides with that
for K˜ ′;
(E2) K˜ and K˜ ′ coincide over triangles of ∆̂.
• Let K be an oriented framed knot in (Σ \ P) × [0, 1] in a good position. Let K˜ be a sheet-
jumping precise double-lift of a framed knot K ′ representing an element of dl(K). Such K˜ is a
Gabella lift (in Σ˜∆ × [0, 1]) of K. Suppose that K ′′ is another framed knot representing a same el-
ement of dl(K). An isotopy of double-liftable oriented framed knots from K ′ to K ′′ can be lifted to an
isotopy of sheet-jumping precise double-lifts in Σ˜∆ × [0, 1] starting from K˜; let’s say that this isotopy
ends at K˜ ′, so that K˜ ′ is a sheet-jumping precise double-lift of K ′′. We say that the two Gabella lifts
K˜ and K˜ ′ are equivalent.
Before moving on, we discuss how to efficiently record a Gabella lift K˜ in pictures.
Lemma 4.7 (projected diagram of Gabella lift). Let (Σ,P), ∆, ∆̂, V, B, pi : Σ˜∆ → Σ, and W be as
in Def.4.1, 4.2, and 4.3. Let K be an oriented double-liftable framed knot in (Σ \ P)× [0, 1].
Let K˜ be a sheet-jumping precise double-lift of K. A crossing of K˜ is a self-intersecting point in the
image of K˜ in Σ˜∆ under the projection Σ˜∆ × [0, 1] → Σ˜∆. A projected diagram of K˜ in Σ is the
image of K˜ in Σ under the composition of projection maps Σ˜∆ × [0, 1] → Σ˜∆ → Σ, together with the
information on crossings whether they are over or under crossings as described in Def.3.2, and the
indication of the sheet number of at least one point p of each of the segments of K˜ over triangles of ∆̂
such that p does not lie over the branch cuts B.
A projected diagram of K˜ completely determines the sheet-jumping precise double-lift of K, up to
equivalence of sheet-jumping precise double-lifts of K. In particular, the locations of sheet-jumping
discontinuities over biangles follow from the sheet numbers of segments over triangles.
One thing to be careful is that not every self-intersecting point of the projected diagram of K˜ in Σ is
a crossing; it is so only if the two small parts of K˜ forming that intersection live in the same sheet.
Each equivalence class of a Gabella lift K˜ of K shall give rise to one term of the sought-for quantum
holonomy associated to K. However, not every Gabella lift gives rise to a nonzero term. Such a
phenomenon also holds for the Bonahon-Wong quantum trace; namely, in the state-sum formula in
Prop.3.18, the sum is over all possible juncture-states J , but the biangle factor
∏n
i=1 Tr
(a,b)
Bi
([Li, J |∂Li ])
is zero for many juncture-states J . Likewise, only those Gabella lifts that satisfy certain conditions over
triangles and biangles contribute to Gabella’s quantum holonomy; we could have referred to only those
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Figure 5. Segments over a triangle (1, 2 are sheet numbers, L is left-turn, R is right-turn)
ones as Gabella lifts, but we decide to be generous, for we will need all of our version of Gabella lifts
in our later argument. We first formulate the condition over triangles here. For this, we re-define the
notions of detours and admissible detours apt for our purposes, inspired by the corresponding notions
in [G17] being restricted to special cases when an (oriented) W-curve γ on Σ, or an oriented framed
link K in Σ× [0, 1], ‘enters’ each edge of ∆ ‘in the left’ [G17, §6.2].
Definition 4.8. Let (Σ,P), ∆, ∆̂, V, B, pi : Σ˜∆ → Σ, and W be as in Def.4.1, 4.2, and 4.3. Let K be
a double-liftable oriented framed knot in (Σ \ P) × [0, 1], and K˜ be a sheet-jumping precise double-lift
in Σ˜∆ × [0, 1] of K, defined in Def.4.6.
• Let k be a segment of K over a triangle t̂ of ∆̂, that is, a connected component of K ∩ (t̂ × [0, 1]).
Let k˜ be the corresponding segment of K˜. Both k and k˜ inherit orientations from that on K. Denote
the sides of t̂ as e1, e2, e3, appearing in the clockwise order in the sense of Def.2.6 (these sides are
mutually distinct). Recall that, from the condition (GP2) of Def.3.15, the starting endpoint and the
ending endpoint of k lie over two distinct sides of t̂.
(LR1) We say that each of k and k˜ turns to left in t̂ if k goes from ei to ei+1, i.e. starts from a point
over e˚i and ends at a point over e˚i+1, for some i = 1, 2, 3, where e4 = e1. We say that each of
k and k˜ turns to right otherwise.
(LR2) Note that each edge ei is divided into two parts by the branch cut intersecting ei (see Def.4.1-
4.3); denote these parts by ei,1 and ei,2, so that e1,1, e1,2, e2,1, e2,2, e3,1, e3,2 appear in the clock-
wise order in the boundary of t̂. If k starts at a point over e˚i,1 for some i, then we say that each
of k and k˜ enters the edge ei in the right, and if k starts at a point over e˚i,2 for some i, then
we say that each of k and k˜ enters the edge ei in the left. If k ends at a point in e˚i,1 for some
i, then we say that k enters the edge ei in the left, and if k ends at a point in e˚i,2 for some i,
then we say that k enters the edge ei in the right.
(LR3) For each of k and k˜, for each of their endpoint junctures, we define the sign ∈ {+,−} of that
juncture as follows. The sign of a juncture of k˜ is + if either k˜ enters an edge of ∆̂ in the left
at that juncture and the juncture is at sheet 1, or if k˜ enters an edge of ∆̂ in the right at that
juncture and the juncture is at sheet 2. Otherwise, the sign of the juncture is −. The signs of
junctures of k are defined from those of corresponding junctures of k˜.
(LR4) We say that each of k and k˜ is a detouring segment if the signs of the two endpoint junctures
are distinct.
(LR5) Let k and k˜ be detouring segments. If k˜ turns to left and starts at a juncture of sign + and
ends at a juncture of sign −, or if it turns to right and starts at a juncture of sign − and ends
at a juncture of sign +, then each of k and k˜ is said to be admissible. Otherwise, they are said
to be non-admissible.
• If none of the segments of K˜ over triangles of ∆̂ are non-admissible detouring segments, then K
and K˜ are said to be admissible.
The above definition is best understood in pictures. See Fig.5; in the right picture, one segment is
non-admissible, and the other two are admissible.
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The condition over triangles for a Gabella lift K˜ that contributes a non-zero term in Gabella’s quantum
holonomy is that it must be admissible in the above sense. We note that the above Def.4.8 is a slight
reformulation of the condition that Gabella used; the admissible detours correspond to ‘detours of type
(12)’ in [G17], and the non-admissible ones to those of ‘type (21)’.
Such a contributing condition on the sheet-jumping discontinuities over biangles is quite complicated,
much more complicated than just (DL3); we find it better to deal with it in the following subsections
when describing the terms assigned to Gabella lifts, rather than going through it now.
Before going on, we naturally extend the definition of a Gabella lift of an oriented framed knot, to
that of a closed oriented framed link; that is, we allow several components.
Definition 4.9 (Gabella lift of a closed oriented framed link). Let (Σ,P), ∆, ∆̂, V, B, pi : Σ˜∆ → Σ,
and W be as in Def.4.1, 4.2, and 4.3. Let K be a closed oriented framed link in (Σ \ P)× [0, 1] that is
double-liftable, i.e. each component is a double-liftable oriented framed knot.
• A Gabella lift K˜ in S˜∆ × [0, 1] of K is (the union of) the choice of a Gabella lift of each component
of K in the sense of Def.4.6. We say K˜ is admissible if each component of K˜ is admissible in the sense
of Def.4.6. We say two Gabella lifts K˜ and K˜ ′ are equivalent if each component of K˜ is equivalent to
corresponding component of K˜ ′ in the sense of Def.4.6.
4.4. Conjectural biangle quantum holonomy. Gabella [G17] associates a quantum holonomy to
an oriented loop in the surface Σ \ P. The loop is mostly assumed to be simple, which would be lifted
to a framed knot in (Σ \ P) × [0, 1] at a constant elevation with upward vertical framing everywhere
(Def.3.11), similarly as done in Allegretti-Kim [AK17] as briefly recalled at the end of §3.3 of the
present paper. Then the framed knot is deformed through an isotopy to be in a good position, and
finally Gabella explains his construction of quantum holonomy, using this framed knot. Gabella also
discusses non-simple loops in [G17, §6.6], but does not precisely describe how to control the signs of
the self-intersections. Besides, in the very construction by Gabella of the quantum holonomy, although
Bonahon-Wong’s notion of good position of a framed link is used, it is not clearly written how to
control the elevation of the segments over triangles; say, about whether to isotope to a good position
before or after considering the lifts to the branched double cover, and how to choose elevations of the
segments. The example appearing in [G17] for a simple loop chooses the ‘always going up’ elevation,
like in [GLM15].
We believe that, arguments in [G17] can be further developed, allowing a better and more general
description of the quantum holonomy; in particular, the quantum holonomy should be defined for
any closed oriented framed link in a 3d manifold, instead of just for a loop in the surface. A crucial
ingredient is an analog of Bonahon-Wong’s biangle quantum trace Tr
(a,b)
B which is reviewed in §3.4.
What makes the situation for Gabella’s quantum holonomy quite different from Bonahon-Wong is the
fact that both the quantum trace Trω∆ and the biangle quantum trace Tr
(a,b)
B of Bonahon-Wong are
defined on a skein which is an unoriented framed link defined modulo skein relations, Gabella’s quantum
holonomy is defined for oriented framed link and obeys a relation similar to but not exactly equal to
the skein relations. Namely, when resolving a crossing of an oriented framed link, one of the resulting
two terms is not an oriented framed link, but an object called a ‘network with junctions’; see §5.5 of
[G17]. It seems that for our case of ‘level 2’, each junction is of valence 2, so that the resulting object
could be viewed as a framed link with a piecewise-continuous choice of orientations; junctions are where
the orientation on the framed link changes. So, a full general version of Gabella’s quantum holonomy
must be defined not on the skein algebra, but on a new algebra generated by these piecewise-oriented
framed links, modulo suitable analog of skein relations. However, we leave it to a future research, and
focus on oriented framed links.
The strategy of Gabella is similar to Bonahon-Wong in the following sense: first define the quantum
holonomy for a biangle, and then define the quantum holonomy for a triangulated surface via a state-
sum formula. The present subsection is devoted to the biangle case only. However, we note that, over
a biangle, even for oriented framed links, Gabella [G17, §5.3–§5.4] describes the (biangle) quantum
holonomy values only for simple examples of oriented framed links for which he refers to as ‘R-matrix’
and ‘cup/cap’, but does not explicitly deal with general oriented framed links. Here we propose some
properties of the sought-for biangle quantum holonomy map, which together with the specified values
for the elementary examples in [G17] would determine the values of many more cases.
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Definition 4.10. For any generalized marked surface (Σ,P), define the oriented framed link algebra
~K(Σ,P) as the complex vector space that is freely generated by the isotopy classes [K] of oriented framed
links K in (Σ\P)×[0, 1] satisfying the conditions (FL1), (FL2), and (FL3) of Def.3.2, where an isotopy
should respect these conditions; multiplication is defined by superposition, as for K(Σ,P).
Define a state s : ∂K → {+,−} for [K] ∈ ~K(Σ,P), as in Def.3.8, and call [K, s] a stated oriented
framed link. The stated oriented framed link algebra ~Ks(Σ,P) is the vector space of stated oriented
framed links [K, s], with the superposition product.
Cutting construction described in Def.3.8 also applies to stated oriented framed links. We note that
the signs of endpoints of K assigned by a state indicate the sheet numbers of a Gabella lift of K.
Conjecture 4.11 (biangle quantum holonomy, based on elementary cases of [G17]). Let ω ∈ C∗.
There exists a family of algebra homomorphisms
TrHolωB : ~Ks(B)→ C
defined for all biangles B, viewed as generalized marked surfaces as in §3.4, such that
(1) (Cutting Property) Let B = (Σ,P) be a biangle, and [K, s] ∈ ~Ks(B). Let (Σ′,P ′) be the
generalized marked surface obtained by cutting B along an internal arc of B, as in Def.3.6.
Then (Σ′,P ′) is disjoint union of two oriented biangles B1 and B2, where [K] ∈ ~K(B) is cut
into [K ′] ∈ ~K(Σ′,P ′), which is union of [K1] ∈ ~K(B1) and [K2] ∈ ~K(B2). Then one has
TrHolωB([K, s]) =
∑
compatible s1, s2
TrHolωB1([K1, s1]) TrHol
ω
B2([K2, s2]),
where the sum is over all pairs of states s1 : ∂K1 → {+,−} and s2 : ∂K2 → {+,−} that
comprise states s′ : ∂K ′ → {+,−} of (Σ′,P ′) that are compatible with s : ∂K → {+,−} in the
sense of Def.3.8.
(2) (Elementary Cases) For a single biangle B, suppose [K, s] ∈ ~Ks(B) consists of one component,
and the projected diagram is one of the four cases in Fig.3, where ε1, ε2 denote the signs
associated by the state s. The orientation on B is such that the clockwise orientation on the
boundary of B is indicated by arrows in Fig.3. For each case, we have:
(a) One has
TrHolωB([K, s]) =
{
1 if ε1 = ε2,
0 if ε1 6= ε2;
(b) If the endpoint of K marked by the sign ε1 has lower elevation than the other endpoint
marked by ε2, then
TrHolωB([K, s]) =
 0 if ε1 = ε2,ω8 if ε1 = + and ε2 = −,−1 if ε1 = − and ε2 = +.
(c) If the endpoint of K marked by the sign ε1 has lower elevation than the other endpoint
marked by ε2, then TrHol
ω
B([K, s]) is given by the same formula as in case (b), except with
ω8 replaced by ω−8.
(d) Assume that ε1 6= ε3 and ε2 6= ε4. If the elevation of the point marked by ε1 is lower than
the point marked by ε3, while the point ε2 is higher than the point ε4, then:
TrHolωB([K, s]) =
 1 if ε1 = ε2 6= ε3 = ε4ω−4 − ω4 if ε1 = ε4 = + and ε2 = ε3 = −
0 if ε1 = ε4 = − and ε2 = ε3 = +.
If the elevation of the point ε1 is higher than the point ε3, while the point ε2 is lower than
the point ε4, then the value TrHol
ω
B([K, s]) is given by the same formula as above, except
with ω−4 − ω4 replaced by ω4 − ω−4.
(3) (Balancedness) For [K, s] ∈ ~Ks(B), if the sum of the signs assigned by s to the endpoints of K
lying in one boundary arc of B does not equal the corresponding sum for the other boundary
arc of B, then TrHolωB([K, s]) is zero.
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In particular, we stipulated two natural properties for TrHolωB ; one is that it must be an algebra
homomorphism, and the other is that it must satisfy the cutting property. Still, these properties and
the above elementary cases do not completely determine all values; one would need more properties, like
analogs of skein relations. Only after these extra properties are found, one would try to prove the above
conjecture; a proof would be in the style of Bonahon-Wong’s proof of Prop.3.13 [BW11, §4]. We expect
that the balancedness property would follow as a consequence of the others, as in Bonahon-Wong’s case
[BW11, Lem.21]; we added it here for convenience.
4.5. Quantum holonomy. We now describe Gabella’s quantum holonomy [G17] associated to a closed
oriented framed link K in (Σ \P)× [0, 1]. To do this in full generality, we need a complete information
on the biangle quantum holonomy map TrHolωB , whose existence is assumed for the moment.
We first come up with a new combinatorial way of enumerating all equivalence classes of Gabella
lifts of a closed oriented framed link K in (Σ \ P) × [0, 1], in terms of the signs on the junctures of
K defined by (LR3) of Def.4.8. It is one way of recording locations of the detours and sheet-jumping
discontinuities, which makes it convenient to see which detours are admissible or not.
Lemma 4.12 (combinatorial way of enumerating Gabella lifts). Let (Σ,P), ∆, ∆̂, V, B, pi : Σ˜∆ → Σ,
and W be as in Def.4.1, 4.2, and 4.3. In this definition, keep Def.4.6 and Def.4.9 in mind.
Let K be a closed oriented framed link in (Σ \ P) × [0, 1] in a good position. Let K˜ be a Gabella lift
in Σ˜∆ × [0, 1] of K. By construction, the ∆̂-junctures of K are in natural one-to-one correspondence
with the ∆̂-junctures of K˜. At each ∆̂-juncture of K, associate the sign ∈ {+,−} of the corresponding
∆̂-juncture of K˜ as defined in (LR3) of Def.4.8, yielding a ∆̂-juncture-state of K in the sense of
Def.3.17.
This yields a one-to-one correspondence between the set of all equivalence classes of Gabella lifts of K
and the set of all ∆̂-juncture-states of K.
For each ∆̂-juncture-state J of K, denote by K˜J a corresponding Gabella lift of K.
Moreover, the Gabella lift K˜J of K corresponding to a ∆̂-juncture-state J is admissible if and only if
none of the segments of K over triangles falls into the case of Fig.2(a) with ε1 = − and ε2 = +. We
call such ∆̂-juncture-states J admissible.
We omit the proof of the above lemma, for it is straightforward. Notice that juncture-states of a framed
link are also used in the state-sum formula of Bonahon-Wong, as seen in §3.5. We are now ready to
state a construction of the sought-for Gabella quantum holonomy; notice that the juncture-states are
crucially used again.
Definition 4.13 (enhanced and modified version of Gabella quantum holonomy). Let (Σ,P), ∆, ∆̂,
V, B, pi : Σ˜∆ → Σ, and W be as in Def.4.1, 4.2, and 4.3. Let ω ∈ C∗, and let q = ω4. Let K be
a closed oriented framed link in (Σ \ P) × [0, 1]. Choose biangle quantum holonomy maps TrHolωB for
Conj.4.11.
Isotope K into a framed link in (Σ \P) \ [0, 1] in a good position (Lem.3.16), and denote the resulting
framed link by K ′.
For each Gabella lift K˜J in Σ˜∆×[0, 1] of K ′ associated to a ∆̂-juncture-state J : {∆̂-junctures of K ′} →
{+,−} of K ′ via Lem.4.12, we define a monomial ẐK˜J in the (square-root) generators Ẑ1, . . . , Ẑn of
the Chekhov-Fock algebra T ω∆ (Def.3.4) and a coefficient Ω(K˜J ;ω) ∈ Z[ω, ω−1] as follows.
(G1) (the monomial part) For each edge e of the original triangulation ∆, denote again by e one of
any of the two edges e and e′ in ∆̂ corresponding to e. Let
be(J) ∈ Z
be the sum of signs of all ∆̂-junctures of K ′ over e assigned by the ∆̂-juncture-state J , where
+ and − are thought of as 1 and −1 respectively. Now let
ẐK˜J :=
[∏
e∈∆
Ẑ be(J)e
]
Weyl
∈ T ω∆ ,
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(+) (−)
Figure 6. Sign of a crossing
where [∼]Weyl is the Weyl-ordered monomial defined in Def.2.19.
(G2) (the q-power coefficient part) To each of the crossings of K˜J over triangles of ∆̂ (Def.4.7),
associate the sign +1 if it is of type (+) in Fig.6, and −1 if it is of type (−) in Fig.6. Let
wr∆̂(K˜
J) ∈ Z
be the sum of all signs of crossings over all triangles of ∆̂, i.e. the usual writhe of the framed
link K˜J counted only over triangles of ∆̂.
(G3) (the biangle factor; ‘R-matrix’ and cup/cap) For each biangle Bi of ∆̂ for i = 1, . . . , n, let
Li := K
′∩ (Bi× [0, 1]). Then [Li, J |∂Li ] is a stated oriented framed link, i.e. belongs to ~Ks(Bi).
Consider its value under the biangle quantum holonomy map TrHolωBi([Li, J |∂Li ]) ∈ C.
Let
Ω(K˜J ;ω) := (
∏n
i=1 TrHol
ω
Bi([Li, J |∂Li ])) · qwr∆̂(K˜
J ) ∈ Z[ω, ω−1].(4.1)
Define the (enhanced) Gabella quantum holonomy for the closed oriented framed link K in (Σ \ P)×
[0, 1] by the formula
TrHolω∆(K) :=
∑
K˜J
Ω(K˜J ;ω) ẐK˜J ∈ T ω∆(4.2)
where the sum is over all equivalence classes of admissible Gabella lifts K˜J of K ′ (Def.4.6, 4.9), i.e.
over all admissible ∆̂-juncture-states J of K ′.
One might wonder why one can choose any one of e and e′ in (G1) above. We claim that for any
∆̂-juncture-state J of K ′ for which the coefficient Ω(K˜J ;ω) is nonzero, we have be(J) = be′(J); this
is an easy consequence of the condition Conj.4.11.(3) of the biangle quantum holonomy. The ideas of
(G1) and (G2) already appeared in [GLM15] for a non-closed link having one component that is given
the ‘always going up’ elevations, and the main contribution of Gabella [G17] is the biangle factor (G3),
which enables one to define the quantum holonomy for closed links. However, as mentioned in §4.4,
the biangle quantum holonomy is not completely established yet. Therefore, the validity of the above
construction of TrHolω∆, which is the 3d enhanced version of Gabella’s original quantum holonomy
constructed in [G17] for closed oriented loops in the surface, can be stated only as a conjecture, as of
now; here, the validity means the independece of the value on the choice made in the construction,
namely the choice of an isotopy transformation into a framed link K ′ in a good position.
Conjecture 4.14 (well-definedness of enhanced Gabella quantum holonomy). There exist biangle
quantum holonomy maps TrHolωB satisfying the Conjecture 4.11 such that the enhanced Gabella quantum
holonomy TrHolω∆(K) of a closed oriented framed link K in (Σ \ P) × [0, 1], with respect to an ideal
triangulation ∆ of (Σ,P), is well-defined. In particular, the value does not depend on the choice of K ′.
Consequently, TrHolω∆(K) depends only on the isotopy class of K (and ω, ∆).
What is asserted in [G17] is the following special case:
Proposition 4.15 ([G17]). There is a way to construct the values of biangle quantum holonomy maps
TrHolωB for some stated oriented framed links over biangles, so that the enhanced Gabella quantum
holonomy TrHolω∆(K) is well-defined in the case when K is an oriented framed link without crossing,
i.e. is isotopic to a constant-elevation lift of an oriented simple closed curve in Σ \ P (Def.3.11).
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In the meantime, one actual difference between Gabella’s original construction [G17] and ours is the
monomial part (G1); he uses different normalization. Namely, denote by |be|(K) be the number of all
junctures of K on e. Then, in place of our monomial ẐK˜J , Gabella uses
X̂K˜J :=
[∏
e∈T
X̂ be(J)−|be|(K)e
]
Weyl
∈ T q∆.(4.3)
Gabella’s choice also makes the final result to enjoy many properties, and has an advantage of avoiding
the square-root variables and making the lowest term to be 1. Later, we will discuss why we had to
modify as we did.
As already mentioned, the Gabella’s original construction is for a loop in the surface.
Definition 4.16. Let (Σ,P) be a generalized marked surface. Let γ be an oriented simple loop in Σ\P.
Let Kγ be the oriented framed knot in (Σ \ P)× [0, 1] obtained as a constant-elevation lift of γ, as in
Def.3.11. Define the Gabella quantum holonomy of the oriented simple loop γ in the surface Σ \ P as
TrHolω∆(γ) := TrHol
ω
∆(Kγ) ∈ T ω∆ .(4.4)
Some of the important properties of TrHolω∆(γ) proved by Gabella in [G17] read as follows, when
translated to our normalization:
Proposition 4.17 (properties of Gabella quantum holonomy; [G17]). Let ∆ be a triangulation of a
generalized marked surface (Σ,P), and let γ be an oriented simple loop in Σ\P. Let Kγ ⊂ (Σ\P)×[0, 1]
be a constant-elevation lift of γ (Def.3.11).
(1) When ω = 1, TrHol1∆(γ) recovers the (absolute value of the) usual trace of holonomy function
I(γ) on X+(Σ,P) along γ;
(2) In terms of the partial ordering on the monomials ẐK˜J ∈ T ω∆ appearing in the right hand side of
the sum formula eq.(4.2) for TrHolω∆(γ) = TrHol
ω
∆(K) induced by the powers of the generators
Ẑ1, . . . , Ẑn, there is a unique Gabella lift K˜
J giving the highest term, for which the power ae of
each generator Ẑe in the monomial ẐK˜J , associated to the edge e of ∆, equals the intersection
number ae(γ) defined in Lem.2.9 (i.e. 2 times the Fock-Goncharov tropical A-coordinate for
the lamination γ), and the coefficient Ω(K˜J ;ω) is 1;
(3) For each K˜J appearing in eq.(4.2), the coefficient Ω(K˜J ;ω) belongs to Z≥0[q, q−1], i.e. a positive
integral Laurent polynomial in q = ω4;
(4) For each K˜J appearing in eq.(4.2), the coefficient Ω(K˜J ;ω) is ∗-invariant, in the sense that
Ω(K˜J ;ω) = Ω(K˜J ;ω−1), or that it is invariant under the exchange q ↔ q−1.
One remark is that the proof given in [G17, §6.4] of the positivity property of part (3) is not quite
sufficient; see §5.2 of the present paper, or [CKKO17]; we note that this positivity will follow from the
main result of our paper.
5. Equality of the two constructions
5.1. Statement of the main theorem. For a closed oriented framed link K in (Σ\P)× [0, 1] without
crossing, we investigated the Bonahon-Wong quantum trace Trω∆([K,Ø]) ∈ T ω∆ and Gabella’s quantum
holonomy TrHolω∆(K) ∈ T ω∆ . They have several properties in common, which naturally leads to the
question of whether they are equal. This equality is the main theorem of the present paper.
Theorem 5.1 (main theorem). Let (Σ,P) be a triangulable generalized marked surface, and ∆ a
triangulation of (Σ,P). Let ω ∈ C∗, q = ω4 and A := ω−2. Let K be an oriented framed link in
(Σ \ P)× [0, 1] whose projected diagram in Σ is without crossing.
Then, the Bonahon-Wong quantum trace Trω∆([K,Ø]) ∈ Zω∆ ⊂ T ω∆ , constructed in §3 for the stated
skein [K,Ø] ∈ SAs (Σ,P) represented by K with the empty state, with the orientation of K forgotten,
coincides with the enhanced Gabella quantum holonomy TrHolω∆(K) ∈ T ω∆ constructed in §4:
Trω∆([K,Ø]) = TrHol
ω
∆(K).(5.1)
In particular, this equality holds for a constant-elevation lift K = Kγ of an oriented simple loop γ in
Σ \ P (Def.3.11). Hence, Allegretti-Kim’s solution Îω∆(γ) in eq.(3.6) to the quantum ordering problem
for the classical function I(γ) addressed in §2.4 coincides with Gabella’s solution TrHolω∆(γ) in eq.(4.4).
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This theorem has some immediate consequences on the Gabella quantum holonomy TrHolω∆(K),
translated from corresponding properties of the Bonahon-Wong quantum trace Trω∆([K,Ø]): namely,
Prop.4.17, especially the positivity in part (3), and the following two corollaries.
Corollary 5.2 (mutation compatibility). Let (Σ,P), ∆, ∆̂ be as in Def.3.15. Let ω ∈ C∗, q = ω4. Let
∆′ be another triangulation of (Σ,P), and ∆̂′ be a corresponding split ideal triangulation of ∆′.
Let K be a closed oriented framed link in (Σ \ P)× [0, 1] without crossing. Then we have
TrHolω∆(K) = Θ
ω
∆∆′(TrHol
ω
∆′(K)).
In particular, TrHolω∆(K) ∈ Zω∆ and TrHolω∆′(K) ∈ Zω∆′ (Def.3.4).
As a consequence, we also obtain TrHolω∆(K) ∈ Lω∆, where Lω∆ is defined as in eq.(3.2).
Corollary 5.3. The enhanced Gabella quantum holonomy TrHolω∆(K) of a closed oriented framed link
K without crossing constructed in Def.4.13 does not depend on the choice of orientation on K.
We note that the main theorem and these two corollaries hold for the Gabella quantum holonomy
TrHolω∆(K) defined using the normalization Def.4.13.(G1) as in our present paper, but not for Gabella’s
original construction [G17] which uses the normalization in eq.(4.3).
The rest of the present section is devoted to a proof of Thm.5.1, the main theorem.
5.2. Simplifying biangle factors, using edge-compatible elevations. What makes it more diffi-
cult to investigate the Bonahon-Wong quantum trace Trω∆([K,O]) as well as the Gabella quantum holo-
nomy TrHolω∆(K) is the biangle/R-matrix factors
∏n
i=1 Tr
(a,b)
Bi
([Li, J |∂Li ]) and
∏n
i=1 TrHol
ω
Bi([Li, J |∂Li ]).
In the present subsection, we explain how to deal with this problem.
Consider the constant-elevation lift Kγ of a (not-necessarily-connected) oriented simple closed curve
γ in Σ \ P (Def.3.11), where (Σ,P) is a generalized marked surface with a triangulation ∆, and a split
triangulation ∆̂. One can suppose that γ intersects the edges of ∆̂ at a minimal number of points,
and intersects transversally. Still, note that Kγ is in general not in a good position with respect to ∆̂,
for all segments of Kγ over each triangle of ∆̂ are at the same elevation. We thus apply an isotopy as
follows. Isotope Kγ to K
′
γ through a vertical isotopy, i.e. by changing only the elevation of each point,
while keeping the upward vertical framing everywhere at all times, and such that each segment over
each triangle of ∆̂ is at a constant elevation at all times. This way, each of the segments over triangles
can be put at any specified elevations, while the projected diagram of the resulting framed knot K ′γ is
still without any crossing.
In particular, for each biangle Bi, the projected diagram in Bi of Li := K
′
γ ∩ (Bi × [0, 1]) consists
of disjoint parallel lines. However, given a ∆̂-juncture-state J : {junctures of K ′γ} → {+,−} of K ′γ
(Def.3.17), the biangle factors Tr
(a,b)
Bi
([Li, J |∂Li ]) ∈ C and TrHolωBi([Li, J |∂Li ]) ∈ C may not equal just
1 or 0; we recall Lem.3.14 which gives a sufficient condition on the elevations of segments of Li for the
values Tr
(a,b)
Bi
([Li, J |∂Li ]) ∈ C to be always 1 or 0 for any choice of J . We notice that a direct analog
of Lem.3.14 for the biangle quantum holonomy TrHolωB (when the orientation of the framed link is
forgotted) follows from the requirement that TrHolωB be an algebra homomorphism having values for
the elementary case as in Conj.4.11.(2)(a).
So, when vertically isotoping Kγ to K
′
γ in a good position as above, we would like to choose the
elevations of the segments of K ′γ over triangles of ∆̂ so that for each biangle Bi, the part Li = K
′
γ ∩
(Bi × [0, 1]) of K ′γ over the biangle satisfies the conditions (1) and (2) of Lem.3.14. Notice that what
matters is only the ordering on the segments over each triangle of ∆̂ induced by their elevations, i.e.
their relative elevations compared to one another, rather than the actual values of the elevations. Note
also that the segments of Kγ or those of K
′
γ over triangles of ∆̂ are in natural correspondence with the
segments of the loop γ on the surface Σ \ P formed by the triangulation ∆.
Proposition 5.4 (edge-compatible choice of relative elevations over triangles; [CKKO17]). Let ∆ be a
triangulation of a generalized marked surface (Σ,P), and let γ be a simple closed curve in Σ \P, i.e. a
closed P-link in Σ. Assume that γ is in a minimal position with respect to ∆ (Def.2.7); so γ meets the
edges of ∆ at finitely many ∆-junctures, and the junctures divide γ into loop segments, each of which
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connects two distinct edges of ∆ (Lem.2.8). Then, for each triangle of ∆, one can choose an ordering
on the set of all loop segments in that triangle, so that these orderings are compatible at each edge of
∆, in the following sense. For each non-self-folded internal edge e of ∆, let t and s be the two triangles
having this edge as a side. The ordering on the set of all junctures on e induced from the ordering on
the corresponding loop segments in t coincides with that coming from s. Similarly, for each self-folded
internal edge e of ∆, the two orderings induced from either side of e coincide with each other.
What is proved in [CKKO17] is in fact the statement when γ is a simple loop, i.e. when γ has
one component; the statement for one-component case easily implies that for several-component case.
We note that, in [CKKO17], not only an existence such orderings is proved, but an explicit con-
struction is given. Now, choose such an ordering on the loop segments of γ over each triangle, and
choose elevations of the segments of K ′γ over triangles so that these elevations induce the chosen or-
derings. Then, for such K ′γ , for any ∆̂-juncture-state J , each biangle factor Tr
(a,b)
Bi
([Li, J |∂Li ]) is
0 or 1, and coincides with the biangle quantum holonomy TrHolωBi([Li, J |∂Li ]). This in particular
proves the Laurent coefficient positivity of the Bonahon-Wong quantum trace Trω∆([K,Ø]), as well as
that of Gabella’s quantum holonomy TrHolω∆(K). Moreover, in this case, a ∆̂-juncture-state J makes
Tr
(a,b)
Bi
([Li, J |∂Li ]) = TrHolωBi([Li, J |∂Li ]) = 1 to hold for every i if and only if for each segment over a
biangle, the two endpoints are assigned a same sign by J , which in turn holds if and only if the Gabella
lift K˜J of K ′γ corresponding to J (via Lem.4.12) has no sheet-jumping discontinuities at all. So, for
the Gabella lifts of K ′γ that contribute to the Gabella quantum holonomy, the projected diagram over
biangles are disjoint parallel lines, the relative elevations of the points of these lines over one edge of
the biangle coincide with that on the other side, and there is no sheet-jumping discontuinuity.
We can now formulate the term-by-term equality for the sought-for eq.(5.1).
Proposition 5.5 (term-by-term equality when there is no crossing). Let (Σ,P), ∆, and γ be as in
Prop.5.4, and choose an ordering on the set of all loop segments of γ in each triangle of ∆, so that
these orderings are compatible at each edge of ∆, as in Prop.5.4. Let ∆̂ be a split triangulation of ∆
(Def.3.15), and assume that γ meets ∆̂ at a minimal number of points. Let the oriented framed link
Kγ in (Σ \ P) × [0, 1] be a constant-elevation lift of γ (Def.3.11). One can apply a vertical isotopy to
Kγ which changes only the elevation of each point, to transform Kγ into the framed link K
′
γ , such that
(1) each segment of K ′γ over a triangle of ∆̂ is at some constant elevation (with the elevation
depending on the segment);
(2) for each triangle t̂ of ∆̂ which corresponds to the triangle t of ∆, the elevations of the segments of
K ′γ over t̂ are mutually distinct, and the ordering on these segments induced by their elevations
coincide with the chosen ordering on the corresponding loop segments of γ in t.
In particular, K ′γ is in a good position (Def.3.15), hence the state-sum formula of Prop.3.18 applies,
and the projected diagram of K ′γ over each biangle satisfies conditions (1) and (2) of Lem.3.14.
Then, for each admissible ∆̂-juncture-state J of K ′γ (Def.4.12), the Bonahon-Wong term for J (Prop.3.18)
coincides with the term of the Gabella quantum holonomy (Def.4.13) associated to the Gabella lift K˜J
of K ′γ corresponding to J (Lem.4.12):
BWω
∆̂
(K ′γ , J) = Ω(K˜
J ;ω) ẐK˜J .(5.2)
Moreover, for each not-necessarily-admissible ∆̂-juncture-state J of K ′γ that is not biangle-compatible,
the left-hand-side of eq.(5.2) is zero, where a ∆̂-juncture-state J of K ′γ (or Kγ) is said to be biangle-compatible
if for every segment over a biangle, the two endpoints are assigned a same sign by J .
Above Prop.5.5, i.e. the term-by-term equality, which we shall prove throughout the present section,
immediately implies the main result, Thm.5.1.
5.3. Extending to all juncture-states. What we want to show is the term-by-term equality, i.e.
eq.(5.2) of Prop.5.5. In particular, throughout the rest of the present section, we assume the notation
and the situation as in Prop.5.5.
Notice that the sought-for eq.(5.2) is asserted to hold only for admissible ∆̂-juncture-states. Indeed,
for a non-admissible juncture state J , one observes that one of the ‘triangle-factors’ as in eq.(3.9)
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appearing in the formula eq.(3.10) for BWω
∆̂
(K ′γ , J) is zero, in view of Prop.3.9.(2)(a). On the other
hand, the right-hand-side Ω(K˜J ;ω) ẐK˜J is not-necessarily zero; it is zero iff Ω(K˜
J ;ω) defined in eq.(4.1)
is zero. Recall that K˜J is a Gabella lift of K ′γ corresponding to the ∆̂-juncture-state J , and that the
conditions of Lem.3.14 are satisfied over each biangle. Applying Lem.3.14 to Ω(K˜J ;ω), one obtains
Lemma 5.6. Let (Σ,P), ∆, ∆̂, γ, Kγ , K ′γ be as in Prop.5.5. The Gabella lift K˜J of K ′γ corresponding
to each ∆̂-juncture state J satisfies
Ω(K˜J ;ω) =
{
qwr∆̂(K˜
J ) if J is biangle-compatible (as defined in Prop.5.5),
0 if J is not biangle-compatible,
where wr∆̂(K˜
J) is as defined in (G2) of Def.4.13.
Let’s now try to extend eq.(5.2) to all ∆̂-juncture-states J ; first, both sides are well-defined. For
each J that is not biangle-compatible, both sides are zero, so we only need to consider the biangle-
compatible juncture-states. For each J that is biangle-compatible but is non-admissible, we see that
the left-hand-side BWω
∆̂
(K ′γ , J) is zero, while the right-hand-side Ω(K˜
J ;ω) ẐK˜J = q
wr(K˜J )ẐK˜J is not.
Therefore, we should modify the left-hand-side. We define the modified term B̂W
ω
∆̂, as follows:
Definition 5.7. Let (Σ,P), ∆, ∆̂, Bi, tj, t̂j, K ⊂ (Σ \ P)× [0, 1], Li, Kj, kj,r, ω, A, a, and b be as
in Prop.3.18, where we are putting
K := K ′γ
obtained in Prop.5.5, for an (oriented) simple closed curve γ on Σ\P, using a choice made by Prop.5.4.
For each ∆̂-juncture-state J of K = K ′γ , define the modified Bonahon-Wong term as
B̂W
ω
∆̂(K; J) :=
(
n∏
i=1
Tr
(a,b)
Bi
([Li, J |∂Li ])
) m⊗
j=1
T̂r
ω
t̂j ([Kj , J |∂Kj ])
 ∈ m⊗
j=1
T ωtj ,(5.3)
with the modified triangle factor
T̂r
ω
t̂j ([Kj , J |∂Kj ]) = T̂r
ω
t̂j ([kj,1, J |∂kj,1 ]) T̂r
ω
t̂j ([kj,2, J |∂kj,2 ]) · · · T̂r
ω
t̂j ([kj,lj , J |∂kj,lj ]) ∈ T ωt̂j ,(5.4)
where T̂r
ω
t̂j ([kj,r, J |∂kj,r ]) defined as follows. If t is a triangle, viewed as a generalized marked surface
with a unique triangulation, [k, s] ∈ SAs (t) is a stated skein for t whose projected diagram is as in
Fig.2(a) with the signs ε1, ε2 representing the state s, and Ẑ1, Ẑ2 are the generators of the Chekhov-
Fock algebra T ωt associated to the edges carrying the signs ε1, ε2 in Fig.2(a) respectively, then
T̂r
ω
t ([k, s]) :=
[
Ẑε11 Ẑ
ε2
2
]
Weyl
.
That is, we altered eq.(3.5) so that it is never zero and looks more uniform. We are now able to extend
eq.(5.2) to all ∆̂-juncture-states.
Proposition 5.8 (equality of triangle-factors for all possible ∆̂-juncture-states). Let (Σ,P), ∆, ∆̂, γ,
Kγ , K
′
γ be as in Prop.5.5. Recall that each ∆̂-juncture-state J of K
′
γ corresponds to the equivalence
class of a Gabella lift K˜J of K ′γ , as in Prop.5.5.
(1) For all ∆̂-juncture-states J of K ′γ , one has the equality
B̂W
ω
∆̂(K
′
γ , J) = Ω(K˜
J ;ω) ẐK˜J .(5.5)
(2) For each ∆̂-juncture-state J of K ′γ that is not biangle-compatible (defined in Prop.5.5), both
sides of eq.(5.5) are zero.
(3) For each biangle-compatible ∆̂-juncture-state J , the left-hand-side of eq.(5.5) (i.e. eq.(5.3))
equals
⊗m
j=1 T̂r
ω
t̂j ([Kj , J |∂Kj ]), and the right-hand-side of eq.(5.5) equals qwr∆̂(K˜
J )ẐK˜J .
(4) For each admissible ∆̂-juncture-state J (Def.4.12), the left-hand-side of eq.(5.5) equals BWω
∆̂
(K ′γ , J),
which is the left-hand-side of eq.(5.2).
34
In particular, this Prop.5.8 implies eq.(5.2) of Prop.5.5, i.e. the sought-for term-by-term equality.
What is left to be shown is the equality eq.(5.5) in case J is any biangle-compatible ∆̂-juncture-
state; other assertions of Prop.5.8 are already proven. The reason why we bothered allowing the
non-admissible (biangle-compatible) ∆̂-juncture-states will be revealed in our proof; this way we are
able to perform a step-by-step induction on all biangle-compatible ∆̂-juncture-states.
5.4. Formulation in terms of triangulation without biangles. Notice that we need to prove
eq.(5.5) only for biangle-compatible ∆̂-juncture-states J ; in these cases, there is no complication over
biangles in any aspect, and everything is about what happens over triangles. So we may now formulate
the problem using only the triangulation ∆, without using the split triangulation ∆̂. We begin by
defining a writhe for a pair of loop segments in a triangle, and prove some basic properties.
Definition 5.9 (signed loop segments). Let t be a triangle, viewed as a generalized marked surface
(Σ,P), possibly self-folded. So Σ is homeomorphic to a closed disc, and P consists either of three
points on the boundary, or of one point in the boundary and one point in the interior, where the latter
case being the self-folded case. It is equipped with a unique P-triangulation ∆, hence the three sides
(whose images are not necessarily distinct) are defined as in Def.2.4.
Let γ be a loop segment in t, i.e. a simple curve in t such that
(LS1) the two endpoints lie in the interiors of distinct sides of t;
(LS2) γ does not meet the sides of t except at its endpoints.
Let s be a juncture-state for γ, i.e. the assignment s : ∂γ → {+,−} of a sign to each endpoint of γ.
Call such a pair [γ, s] a signed loop segment in t. An isotopy of signed loop segments is required to
respect (LS1) and (LS2) at all times, carrying the induced juncture-states.
Definition 5.10 (writhe for a pair of loop segments). Let t be as in Def.5.9. Let [γ1, s1] and [γ2, s2]
be two oriented signed loop segments in t, such that the endpoints of γ1 are disjoint from the endpoints
of γ2. We shall define the writhe for this ordered pair of signed loop segments
wrt([γ1, s1], [γ2, s2]) ∈ Z
as follows.
Choose a branch point vt and branch cuts for t as in Def.4.1. Let [γ
′
1, s
′
1] and [γ
′
2, s
′
2] be signed loop
segments isotopic to [γ1, s1] and [γ2, s2] such that
(Wr1) [γ1, s1] and [γ2, s2] can be simultaneously isotoped to [γ
′
1, s
′
1] and [γ
′
2, s
′
2], so that the endpoints
of the two loop segments are mutually disjoint at all times;
(Wr2) γ′1 and γ
′
2 intersect transversally, at at most finitely many points;
(Wr3) each of γ′1 and γ
′
2, including the endpoints, does not meet the branch cuts nor the branch point;
(Wr4) if the two endpoints pa and pb of γ
′
1 lie on the sides ea and eb of t, where v the unique common
vertex of these sides, then the region of t bounded by γ′1, the part of ea from v to pa, and the
part of eb from v to pb, contains the branch point vt in the interior if and only if the two signs
s′1(pa) and s
′
1(pb) coincide; same holds for [γ
′
2, s
′
2].
The orientations on γ1 and γ2 naturally induce those on γ
′
1 and γ
′
2. Note that γ
′
1 has two precise
double-lifts in the branched double cover Σ˜∆ (Def.4.5), which is also given an orientation; let γ˜1 be the
unique one of these two precise double-lifts satisfying:
(Wr5) let the orientation of γ′1 is such that pa is the starting point and pb is the ending point. In
case γ′1 enters the edge ea in the left (Def.4.8.(LR2)), the starting point of γ˜1 is on sheet 1 if
s′1(pa) = +, and on sheet 2 if s
′
1(pa) = −. In case γ′1 enters ea in the right, the starting point
of γ˜1 is on sheet 2 if s
′
1(pa) = +, and on sheet 1 if s
′
1(pa) = +.
Likewise, let γ˜2 be the unique precise double-lift of γ
′
2 in Σ˜∆ satisfying the condition corresponding to
(Wr5) for [γ′2, s
′
2].
At each intersection of the two curves γ˜1 and γ˜2 in Σ˜∆, consider the small parts of γ˜1 and γ˜2 forming
that intersection; these parts have orientations. Regarding the part of γ˜2 as being located above that of
γ˜1 (i.e. γ˜2 has higher elevation than γ˜1), this intersection is given a sign ∈ {+,−} according to Fig.6.
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The writhe wrt([γ1, s1], [γ2, s2]) is defined as the sum of these signs for all intersections of γ˜1 and γ˜2,
where the signs + and − are viewed as +1 and −1. If γ˜1 and γ˜2 do not meet, we set wrt([γ1, s1], [γ2, s2])
to be 0.
Lemma 5.11. Then, the value of wrt([γ1, s1], [γ2, s2]) defined above depends only on the oriented signed
loop segments [γ1, s1] and [γ2, s2], but not on the choice of [γ
′
1, s
′
1] and [γ
′
2, s
′
2].
Proof. Let’s show that the sum of signs of intersections is invariant when [γ′1, s
′
1] and [γ
′
2, s
′
2] are
replaced by some other choice [γ′′1 , s
′′
1 ] and [γ
′′
2 , s
′′
2 ]. It suffices to consider only the ‘elementary moves’
which are simple kinds of replacements as in Fig.7: the famous Reidemeister moves of types II and III,
and the moves passing through branch cuts. It is easy to check that both kinds of moves leave the
writhe unchanged.
↔ ↔
(1) Reidemeister move II
↔
(2) Reidemeister move III
↔
(3) Passing through branch cut
Figure 7. Elementary moves for loop segments
The following easy observation shall be useful.
Lemma 5.12. The writhe is skew-symmetric, i.e. wrt([γ1, s1], [γ2, s2]) = −wrt([γ2, s2], [γ1, s1]).
We now re-interpret both sides of eq.(5.5) in terms only of ∆ as follows.
Lemma 5.13 (formulation using only triangulation ∆). Let (Σ,P), ∆, ∆̂, γ, Kγ , and K ′γ be as in
Prop.5.5, and Kj be as in Prop.3.18. In particular, for each triangle of ∆, an ordering on the set of
all loop segments of the simple closed curve γ ⊆ Σ \ P in this triangle is chosen.
Choose any ∆-juncture-state J for the simple closed curve γ with respect to ∆, that is, a map J :
{∆-junctures of γ} → {+,−}. Denote by J ′ the unique biangle-compatible ∆̂-juncture-state for K ′γ
naturally induced by J .
(1) Let ` be a loop segment of γ in a triangle tj, and J` a tj-juncture-state of `; say that the
endpoints of ` lie in the sides etj ,a and etj ,b of tj, where the signs on these endpoints assigned
by J` are εa and εb respectively. Define
ẐJ`` :=
[
Ẑεatj ,aẐ
εb
tj ,b
]
Weyl
∈ T ωtj ,(5.6)
where Ẑtj ,a and Ẑtj ,b are the generators of the triangle algebra T ωtj associated to the edges etj ,a
and etj ,b, and the Weyl-ordered product [∼]Weyl is as defined in Def.2.19.
For each triangle tj of ∆, let γj,1, . . . , γj,lj be all the loop segments of γ in tj, enumerated
according to the ordering chosen in Prop.5.4; they are given orientations induced from that of
γ. Let
Jj,r := J |∂γj,r
for each j, r. Each [γj,r, Jj,r] is called a signed loop segment of the data [γ, J ].
We then have the following equality of elements of
⊗m
j=1 T ωtj :
B̂W
ω
∆̂(K
′
j ; J
′) =
m⊗
j=1
(ẐJj,1γj,1 Ẑ
Jj,2
γj,2 · · · Ẑ
Jj,lj
γj,lj
),
where the left-hand side is defined in eq.(5.3). In the right-hand-side, for each j such that the
triangle tj of ∆ contains no loop segments, the corresponding tensor factor is set to be 1.
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(2) Define
ẐJγ :=
[
n∏
i=1
Ẑ
bi(J)
i
]
Weyl
where Ẑi generator of T ω∆ associated to the edge ei of ∆ (Def.3.3), and bi(J) is the sum of signs
of all ∆-junctures of γ on ei assigned by the ∆-juncture-state J . Then, one has
ẐJγ = ẐK˜J′ ,
where the right-hand-side is defined as in Prop.5.5, i.e. by Def.4.13.(G1) applied to the Gabella
lift K˜J
′ ⊂ Σ˜∆ × [0, 1] of the closed oriented framed link K ′γ ⊂ (Σ \ P)× [0, 1] that is associated
to the ∆̂-juncture-state J ′ of K ′γ via Lem.4.12.
(3) One can write B̂W
ω
∆̂(K
′
j ; J
′) using product, instead of tensor product, i.e.
B̂W
ω
∆̂(K
′
j ; J
′) =
m∏
j=1
(ẐJj,1γj,1 Ẑ
Jj,2
γj,2 · · · Ẑ
Jj,lj
γj,lj
),
where each element Ẑ
Jj,r
γj,r ∈ T ωtj is being viewed as an element of the ambient algebra
⊗m
j=1 T ωtj
using the convention in Def.3.3, and the order of the product
∏m
j=1 can be taken arbitrarily, as
element of T ωtj commutes with that of T ωtk whenever j 6= k. The elements Ẑ
Jj,r
γj,r (for 1 ≤ r ≤ lj,
1 ≤ j ≤ m) ω2-commute with one another (see Def.2.19), and so the Weyl-ordered product can
be defined (Def.2.19). For ẐJγ defined above, one has
ẐJγ =
[
B̂W
ω
∆̂(K
′
j ; J
′)
]
Weyl
.
Hence, one has
B̂W
ω
∆̂(K
′
j ; J
′) = ωdev∆(γ;J)ẐJγ(5.7)
for a unique integer dev∆(γ; J) ∈ Z, which we refer to as the deviation of the Bonahon-Wong term
for the ∆-juncture-state J from the Weyl-ordering.
(4) Define the number wr∆(γ; J) ∈ Z as
wr∆(γ; J) =
m∑
j=1
∑
1≤r<u≤lj
wrtj ([γj,r, Jj,r], [γj,u, Jj,u]),(5.8)
where the writhe wrtj ([γj,r, Jj,r], [γj,u, Jj,u]) ∈ Z of two oriented signed loop segments is defined
in Def.5.10. In the right-hand-side, for each j such that the triangle tj of ∆ contains less than
two loop segments of γ, the corrresponding summand is set to be 0.
Then, one has
wr∆̂(K˜
J′) = wr∆(γ; J),
where wr∆̂(K˜
J′) is defined as in (G2) of Def.4.13, which together with Lem.5.6 yields
Ω(K˜J
′
;ω) = qwr∆(γ;J),
where Ω(K˜J
′
;ω) is defined as in eq.(4.1) of Def.4.13.
Proof. Parts (1)–(3) can be easily seen. It is also straightforward to obtain part (4), by observing that
(Wr4) and (Wr5) of Def.5.10 are designed to match (LR2) and (LR3) of Def.4.8 and Lem4.12.
By Lem.5.13, the sought-for (extended) term-by-term equality eq.(5.5) boils down to the equation
dev∆(γ; J) = 4 · wr∆(γ; J)(5.9)
for each ∆-juncture-state J for the simple closed curve γ in Σ \ P with respect to the triangulation ∆,
where both sides of eq.(5.9) are defined in Lem.5.13.
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5.5. Equality for the highest term. In the remainder of the present section, we shall prove the
equality eq.(5.9) for each ∆-juncture-state J of the simple closed curve γ on Σ \ P, via induction on
the ∆-juncture-states. In the present subsection, we deal with the base case for the induction.
Lemma 5.14 (the equality for the highest term: the base case). Let (Σ,P), ∆, and γ be as in Prop.5.4.
Let J+ be the ∆-juncture-state for γ (as defined in Lem.5.13) that assigns + to all ∆-junctures of γ.
The equality eq.(5.9) holds for this J = J+.
We shall show that both sides equal zero. As this is already mostly proved in [AK17, Prop.3.14]
and [G17, §6.3] (or see [G17, item 1 of Thm 1]) respectively, we only state the results and sketch the
arguments. We first deal with the left-hand-side, using a property of the Bonahon-Wong quantum trace
related to the ∗-structure of the Chekhov-Fock algebra T ω∆ .
Definition 5.15 (the ∗-structure on the Chekhov-Fock algebra). Let ∆ be a triangulation of a gener-
alized marked surface (Σ,P), and let ω ∈ C∗. Suppose |ω| = 1. Denote by
∗ : T ω∆ → T ω∆
the unique C-conjugate-linear ring anti-isomorphism sending each generator Ẑe to itself Ẑe; this map
∗ is called the ∗-map. Denote the image of u ∈ T ω∆ under the ∗-map by the symbol u∗. In particular,
we have ω∗ = ω−1, Ẑ∗e = Ẑ
∗
e for all e ∈ ∆, and (uv)∗ = v∗u∗ and (u+ v)∗ = u∗ + v∗ for all u, v ∈ T ω∆ .
An element u of T ω∆ is said to be ∗-invariant if u∗ = u.
Lemma 5.16 (Weyl-ordered monomial is ∗-invariant; see e.g. [AK17, Lem.2.18]). Let Ẑ1, . . . , Ẑn be
the generators of T ω∆ , so that ẐiẐj = ω2εij ẐjẐi. For any integers a1, . . . , an ∈ Z, the unique integer
m making the monomial ωmẐa11 · · · Ẑann ∗-invariant is m = −
∑
i<j εijaiaj, i.e. when ω
mẐa11 · · · Ẑann
equals the Weyl-ordered monomial [Ẑa11 · · · Ẑann ]Weyl.
Lemma 5.17 (the ∗-property of Bonahon-Wong quantum trace; e.g. [AK17, Lem.2.30]). Let ∆ be a
triangulation of a generalized marked surface (Σ,P). Let ω,A ∈ C∗ be s.t. A = ω−2. Let [K, s] ∈
SAs (Σ,P) be a stated skein (Def.3.8).
Denote by K the framed link in (Σ \ P)× [0, 1] obtained by applying to K the elevation-reversing map
r : (Σ \ P)× [0, 1]→ (Σ \ P)× [0, 1], (x, t) 7→ (x, 1− t),
with the framing on a point r(x, t) = (x, 1− t) of K is chosen to be parallel to the framing on the point
(x, t) of K, i.e. parallel translated along the direction of the second factor [0, 1]. Let s be the state of
K naturally induced via r from the state s of K. Then, one has
Trω∆([K, s]) = (Tr
ω
∆([K, s]))
∗
.
Lemma 5.18 ([AK17, Prop.3.14]). Let ∆ be a triangulation of a generalized marked surface (Σ,P).
Let ω,A ∈ C∗ be s.t. A = ω−2. Let γ be a simple closed curve in Σ \ P, and let Kγ ⊂ (Σ \ P)× [0, 1]
be a constant-elevation lift of γ (Def.3.11).
For each i = 1, . . . , n, let ai = ai(γ) be the intersection number of γ and the edge ei of ∆ (Lem.2.9).
Then the unique highest term of Trω∆([Kγ ,Ø]) ∈ T ω∆ equals the Weyl-ordered monomial [Ẑa11 · · · Ẑann ]Weyl.
More precisely, when Trω∆([Kγ ,Ø]) is written as a Laurent polynomial in Ẑ1, . . . , Ẑn with minimal
number of terms, with coefficients in C[ω, ω−1], one of the terms equals [Ẑa11 · · · Ẑann ]Weyl, and any
other term c · Ẑb11 · · · Ẑbnn satisfies a1 ≥ b1, . . . , an ≥ bn, with at least one of the inequalities being strict.
The following lemma finishes the proof of Lem.5.14, the base case for the induction.
Lemma 5.19. Let (Σ,P), ∆, γ, and J+ be as in Lem.5.14. One has wr∆(γ; J+) = 0.
This Lem.5.19 will easily follow as a corollary of a computational lemma appearing in the next sub-
section, namely Lem.5.26.
5.6. Proof by induction on juncture-states. In the present subsection, we shall prove the following
induction step. Combined with Lem.5.14, the base case, we will then finally obtain a proof of eq.(5.9).
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Lemma 5.20 (the induction step). Let (Σ,P), ∆, and γ be as in Prop.5.4.
Suppose eq.(5.9) holds for some ∆-juncture-state J of γ (as defined in Lem.5.13). Then eq.(5.9) holds
also for any ∆-juncture-state of γ that coincides with J except at exactly one ∆-juncture.
We will investigate how each side of eq.(5.9) changes if we change J at exactly one juncture. We
begin with the left-hand-side, for it requires some additional preparatory step. This left-hand-side
dev∆(γ; J), which is defined in Lem.5.13.(3), is about rearranging the order of the product of elements
of the algebra
⊗m
j=1 T ωtj of the form Ẑ
Jj,r
γj,r and comparing with the Weyl-ordered product. Note that
the factor Ẑ
Jj,r
γj,r itself is the Weyl-ordered product of two generators of the triangle algebra T ωtj , and
also note that the set of all generators of all the triangle algebras T ωtj , j = 1, . . . ,m, ω2-commute with
one another.
When dealing with such a situation, we find it convenient to introduce the log versions of the generators
of the triangle algebras, and use the Baker-Campbell-Hausdorff formula, often called the BCH formula
for short. We recall that, in a special case when â and b̂ are elements of an algebra such that their
commutator [â, b̂] = âb̂ − b̂â equals a scalar c, the BCH formula says that the exponentials eâ+b̂, eâ,
and eb̂, if they make sense, are related to one another as
eâeb̂ = eâ+b̂+
1
2 [â,̂b] = ec/2 eâ+b̂, (when [â, b̂] = c is a scalar)
where we are assuming that the number ec/2 is well-defined. One then observes eâeb̂ = eceb̂eâ, and
therefore eâ+b̂ = e−c/2eâeb̂ = ec/2eb̂eâ is just the Weyl-ordered monomial [eâeb̂]Weyl in the sense of
Def.2.19. Likewise, one would expect that eâ1+â2+···+âr coincides with [eâ1 · · · eâr ]Weyl, when [âi, âj ]
are scalars for all i, j. This way of representing a Weyl-ordered monomial as the exponential of the
sum of logarithms of corresponding generators is a standard method to use. However, these ideas are
only at a heuristic level, and one must be careful when applying to a particular situation; the famous
Nelson’s example [RS80, Chap.VIII.5] in functional analysis gives a good example of such a warning.
In our setting, one can be completely rigorous as follows.
Definition 5.21 (the log version of Chekhov-Fock algebra). Let ω ∈ C∗, and let ∆ be a triangulation
of the generalized marked surface (Σ,P). The triangles of ∆ are t1, . . . , tm, and each triangle tj has
sides ej,1, ej,2, ej,3. Denote by Hω∆ the free abelian group generated by the symbols c and ẑj,a, where j
runs through all the triangles 1, 2, . . . ,m of ∆ and a runs through 1, 2, 3, equipped with the Lie bracket
[·, ·] over Z satisfying
[ẑj,a, ẑk,b] = 2 · δj,k · εej,a,ej,b(tj) · c, [ẑj,a, c] = 0, ∀j = 1, . . . ,m, ∀a = 1, 2, 3.(5.10)
where δj,k is the Kronecker delta, and εej,a,ej,b(t) ∈ {−1, 0, 1} is as in Def.2.10. We refer to this group
Hω∆ as the log-Chekhov-Fock algebra associated to ∆, and the operation [·, ·] as the commutator. For
each triangle tj, define the log-triangle algebra Hωt as the subgroup of Hω∆ generated by ẑj,1, ẑj,2, ẑj,3, c.
Define the exponential map
exp : Hω∆ →
m⊗
j=1
T ωtj
as
exp(ac +
∑m
j=1
∑3
a=1 αj,aẑj,a) := ω
a
[∏m
j=1
∏3
a=1 Ẑ
αj,a
j,a
]
Weyl
, ∀a, αj,a ∈ Z,
where in the right-hand-side, the generator Ẑj,a of the triangle algebra T ωtj is viewed as an element of⊗m
j=1 T ωtj , via the convention in Def.3.3, and the Weyl-ordered product [∼]Weyl is as defined in Def.2.19.
For convenience, for each element ẑ ∈ Hω∆ we also write
eẑ = exp(ẑ).
In particular, we have eẑj,a = Ẑj,a and e
c = ω under this notation.
The following lemma, inspired by the BCH formula, can be rigorously proven. We omit a proof, for it
is a standard straightforward exercise; see e.g. [L17, §7.6]
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Figure 8. Pair of signed loop segments in a triangle (arrows in the boundary are clockwise)
Lemma 5.22 (deviation from the Weyl-ordering as sum of commutators). Let x̂1, . . . , x̂r be any ele-
ments of Hω∆ (Def.5.21). Then
ex̂1ex̂2 · · · ex̂r = e 12
∑
1≤i<j≤r[x̂i,x̂j ] · ex̂1+···+x̂r
Notice that this formula expresses the left-hand-side, which is the product of elements ex̂1 , . . . , ex̂r ,
as the Weyl-ordered product ex̂1+···+x̂r times the number e
1
2
∑
i<j [x̂i,x̂j ], which is an integer-power of ω.
In order to express the elements Ẑ
Jj,r
γj,r , which are used in the definition of B̂W
ω
∆̂(K
′
j ; J
′) and dev∆(γ; J),
as exponentials of elements of the log-Chekhov-Fock algebra Hω∆, we introduce another notation.
Definition 5.23 (the log element associated to a signed loop segment). Let ω ∈ C∗. Let [γ, s] be a
signed loop segment in a triangle t, as defined in Def.5.9. Suppose that the two endpoints of γ lie in
the sides et,a and et,b, and that s assigns the signs εa and εb to these endpoints respectively. Let T ωt be
the triangle algebra for t. Define the element
trωt ([γ, s]) := εaẑt,a + εbẑt,b ∈ Hωt ,
where ẑt,a and ẑt,b are the generators of log-triangle algebra Hωt associated to the sides et,a and et,b
respectively.
Under this notation, we have
etr
ω
t ([γ,s]) =
[
Ẑεat,a Ẑ
εb
t,b
]
Weyl
,
coinciding with ẐJ`` defined in eq.(5.6) for the signed loop segment [`, J`] as described in Lem.5.13.(1).
We named it by the lower-case trω, to indicate that it is a log version of Bonahon-Wong’s quantum
trace Trω in special cases.
We can now write dev∆(γ; J) ∈ Z defined in eq.(5.7) in the style of eq.(5.8), as follows:
Lemma 5.24 (sum expression for a single Bonahon-Wong term). Let (Σ,P), ∆, γ, J , γj,r, Jj,r, and
dev∆ be as in Lem.5.13. Let ω ∈ C∗, let Hω∆ and c be as in Def.5.21, and let trωtj be as in Def.5.23.
Then one has
dev∆(γ; J) · c = 1
2
m∑
j=1
∑
1≤r<u≤lj
[
trωtj ([γj,r, Jj,r]), tr
ω
tj ([γj,u, Jj,u])
]
(5.11)
as an equality of elements of Hω∆.
Proof. By application of Lem.5.22, together with the observation exp(trωtj ([γj,r, Jj,r])) = Ẑ
Jj,r
γj,r .
We establish a computational lemma for each summand of the right-hand-side of eq.(5.11).
Lemma 5.25 (computation of commutator of log quantum traces for a pair of signed loop segments).
Let t, [γ1, s1], and [γ2, s2] be as in Def.5.10, with the signs εi, i = 1, 2, 3, 4, be as in Fig.8, where the
arrows indicate the clockwise orientation of the boundary of the triangle t. Assume that t is not a
self-folded triangle. Let ω ∈ C∗. Then, one has
[ trωt ([γ1, s1]), tr
ω
t ([γ2, s2]) ] =
{
2(ε2ε3 − ε1ε4) · c in case (1),
2(ε2ε3 − ε2ε4 + ε1ε4) · c in case (2),
where trωt is as defined in Def.5.23, and Hωt , c as in Def.5.21.
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Figure 9. Diagrams for γ˜1 and γ˜2 in Σ˜∆, for computation of writhe of [γ1, s1] and
[γ2, s2] (the numbers 1 and 2 in the picture are sheet numbers)
Proof. Follows from straightforward computation using Z-bilinearity and skew-symmetry of the com-
mutator, as well as the values of the commutator of generators as in eq.(5.10).
Before investigating how the value dev∆(γ; J) changes when J is changed at one ∆-juncture, we
turn to the right-hand-side of the sought-for eq.(5.9), i.e. the writhe wr∆(γ; J) appearing in Gabella’s
quantum holonomy construction. In view of the sum expression in eq.(5.8), we establish the following
computational lemma for each summand, like we just did for the left-hand-side of eq.(5.9).
Lemma 5.26 (computation of writhe for a pair of signed loop segments). Let t, [γ1, s1], [γ2, s2], and
their writhe wrt([γ1, s1], [γ2, s2]) be as defined in Def.5.10. Assume that the triangle t is not self-folded.
Suppose that [γ1, s1] and [γ2, s2], ignoring their orientations, are as in case (1) or (2) of Fig.8, where
ε1, ε2 are the signs assigned by s1, and ε3, ε4 are those assigned by s2. Then the value of the writhe is
wrt([γ1, s1], [γ2, s2]) =
{
− 14 (ε1 − ε2)(ε3 + ε4) in case (1) of Fig.8,
− 14 (ε1 − ε2)(ε3 − ε4) in case (2) of Fig.8,
where each of the signs +,− is thought of as a number +1,−1.
Proof. Consider the case (1) of Fig.8. If ε1 = ε2 or ε3 6= ε4 holds, it is easy to see that one can choose
[γ′1, s
′
1] and [γ
′
2, s
′
2] in Def.5.10 so that γ
′
1 does not meet γ
′
2, and hence the corresponding γ˜1 and γ˜2 in
Def.5.10 do not intersect, yielding wrt([γ1, s1], [γ2, s2]) = 0; meanwhile, note that − 14 (ε1 − ε2)(ε3 + ε4)
equals zero, so we get the sought-for equality. Now assume that both ε1 6= ε2 and ε3 = ε4 hold; there
are four such possibilities for signs. The upper half of Fig.9 presents γ˜1 and γ˜2 for each of these four
possibilities, under particular choice of orientations of γ1 and γ2; one can easily verify the equality in
these cases. For each case in the upper half of of Fig.9, note that γ′1 and γ
′
2 meet at two points in Σ,
only one of which is a crossing point in Σ˜∆ of γ˜1 and γ˜2. If one changes the orientation of either one
of γ1 and γ2, say γi, then one can still use γ
′
1 and γ
′
2, with the orientation of γ
′
i reversed from before.
Then the projected diagrams of γ˜1 and γ˜2 stay the same, with the orientation of γ˜i reversed, and the
sheet numbers of points of γ˜i changed from before. So, out of the two intersections of γ
′
1 and γ
′
2, the
one that used to be the crossing of γ˜1 and γ˜2 is not a crossing anymore, and the remaining one now
becomes the crossing point in Σ˜∆. However, one easily verifies that the sign of the crossing is same as
before. Similar argument holds whenever one changes the orientation of γ1 and/or γ2.
Now consider the case (2) of Fig.8. If ε1 = ε2 or ε3 = ε4 holds, it is easy to see that both sides
of the equation in the statement are zero. When both ε1 6= ε2 and ε3 6= ε4 hold, one can check the
equality case by case, for each of the four possibilities for the signs; see the lower half of Fig.9, drawn
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Figure 10. Affected signed loop segments when changing J at a single ∆-juncture
for particular choices of orientations. Similarly as in the case (1), one easily observes that the equality
holds also for the other choices of orientations.
One immediate corollary of this lemma is Lem.5.19, as promised.
Now we are ready to investigate how the two sides of eq.(5.9), namely dev∆(γ; J) and wr∆(γ; J),
change when we change J at one juncture.
Lemma 5.27 (change of Bonahon-Wong deviation and writhe per change of juncture-state). Let (Σ,P),
∆, and γ be as in Prop.5.4. Let J and J ′ be ∆-juncture-states for γ (as defined in Lem.5.13). Suppose
that J and J ′ differ exactly at one ∆-juncture. Then, the difference of the values of dev∆ for J and J ′
coincides with 4 times that of wr∆, i.e.
dev∆(γ; J)− dev∆(γ; J ′) = 4 (wr∆(γ; J)− wr∆(γ; J ′)) .
Proof. Equations (5.8) and (5.11) say that each of dev∆(γ; J) and wr∆(γ; J) is a double sum, where
the outer sum is over triangles, and the inner sum is over all pairs of signed loop segments of the data
[γ, J ] (Def.5.13.(1)) in each triangle. When we change J at exactly one juncture to obtain J ′, the only
summands that are affected by this change are those ones for the pairs of signed loop segments whose
four endpoints include this special juncture. In particular, to investigate the changes of these sums, it
is enough to consider only the triangles having this juncture on one of their sides.
Suppose first that J and J ′ differ at a juncture on a non-self-folded edge e of ∆; then we need to look
at the two triangles, say tj and tk, having e as a side. Assume further that tj and tk are not self-folded;
we shall see that in fact this can always be assumed in this situation. In each of these two triangles,
there is exactly one signed loop segment having this special juncture as one of the endpoints, say γj,a
and γk,b. The other endpoint of such a loop segment may be on either one of the remaining two edges
of the respective triangle, giving us four cases in total; by symmetry, we only need to consider two of
these cases, as depicted in Fig.10.(1).
We should now consider other loop segments living in tj and tk; we divide the situation into two kinds.
First, let γj,r be any loop segment of γ in tj with r 6= a, such that γj,r meets the common edge e of
tj and tk. Then there is a unique loop segment γk,u in tk meeting with γj,r at a point in e; we have
u 6= b. Depending on which edge the other endpoints of γj,r and γk,u lie in, several cases are possible,
and some of them are depicted in [1]–[5] of Fig.10.(1), in which the ∆-juncture-state J is represented
as signs ε· at ∆-junctures; so J ′ is with the same signs except that ε2 is replaced by −ε2. For these
cases, we verify that the sum of differences of commutators[
trωtj ([γj,a, Jj,a]), tr
ω
tj ([γj,r, Jj,r])
]
−
[
trωtj ([γj,a, J
′
j,a]), tr
ω
tj ([γj,r, J
′
j,r])
]
+
[
trωtk([γk,b, Jk,b]), tr
ω
tk
([γk,u, Jk,u])
]− [ trωtk([γk,b, J ′k,b]), trωtk([γk,u, J ′k,u]) ](5.12)
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equals 8c times the sum of differences of writhes
wrtj ([γj,a, Jj,a], [γj,r, Jj,r])− wrtj ([γj,a, J ′j,a], [γj,r, J ′j,r])
+wrtk([γk,b, Jk,b], [γk,u, Jk,u])− wrtk([γk,b, J ′k,b], [γk,u, J ′k,u]).(5.13)
For each of the cases [1]–[5], the two differences can be easily obtained using Lemmas 5.25 and 5.26,
and then the equality is straightforward to check:
[1] : 2(ε2ε4 −ε1ε5)c− 2(−ε2ε4 −ε1ε5)c + 2(ε3ε5 − ε2ε6)c− 2(ε3ε5 + ε2ε6)c
= 8c
(− 14 (ε1 − ε2)(ε4 + ε5) + 14 (ε1 + ε2)(ε4 + ε5)− 14 (ε2 −ε3)(ε5 + ε6) + 14 (−ε2 −ε3)(ε5 + ε6))
[2] : 2(ε2ε4 −ε1ε5)c− 2(−ε2ε4 −ε1ε5)c + 2(ε3ε5 −ε3ε8 + ε2ε8)c− 2(ε3ε5 −ε3ε8 − ε2ε8)c
= 8c
(− 14 (ε1 − ε2)(ε4 + ε5) + 14 (ε1 + ε2)(ε4 + ε5)− 14 (ε2 −ε3)(ε5 − ε8) + 14 (−ε2 −ε3)(ε5 − ε8))
[3] : −2(ε7ε2 −ε7ε1 +ε5ε1)c + 2(−ε7ε2 −ε7ε1 +ε5ε1)c + 2(ε3ε5 −ε3ε8 + ε2ε8)c− 2(ε3ε5 −ε3ε8 − ε2ε8)c
= 8c
(
1
4 (ε5 − ε7)(ε2 −ε1)− 14 (ε5 − ε7)(−ε2 −ε1)− 14 (ε2 −ε3)(ε5 − ε8) + 14 (−ε2 −ε3)(ε5 − ε8)
)
[4] : −2(ε5ε1 − ε4ε2)c + 2(ε5ε1 + ε4ε2)c− 2(ε6ε2 −ε6ε3 +ε5ε3)c + 2(−ε6ε2 −ε6ε3 +ε5ε3)c
= 8c
(
1
4 (ε4 − ε5)(ε1 + ε2)− 14 (ε4 − ε5)(ε1 − ε2) + 14 (ε5 − ε6)(ε2 −ε3)− 14 (ε5 − ε6)(−ε2 −ε3)
)
[5] : 2(ε2ε4 −ε1ε5)c− 2(−ε2ε4 −ε1ε5)c− 2(ε5ε3 − ε8ε2)c + 2(ε5ε3 + ε8ε2)c
8c
(− 14 (ε1 − ε2)(ε4 + ε5) + 14 (ε1 + ε2)(ε4 + ε5) + 14 (ε8 − ε5)(ε3 + ε2)− 14 (ε8 − ε5)(ε3 − ε2)) .
By skew-symmetry of the commutator and the writhe (Lem.5.12), one obtains the above equalities when
we exchange a with r and b with u. The equalities for the cases omitted in Fig.10.(1) can be obtained
by symmetries of situations. Meanwhile, observe that, by the edge-compatibility of the orderings of
loop segments chosen via Prop.5.4, we see that a < r ⇔ b < u, which is crucial in the current proof.
Now, let γj,r be a loop segment of γ in tj with r 6= a, such that γj,r does not meet the common edge
e of tj and tk. For each of the possible cases, we verify that the difference of commutators[
trωtj ([γj,a, Jj,a]), tr
ω
tj ([γj,r, Jj,r])
]
−
[
trωtj ([γj,a, J
′
j,a]), tr
ω
tj ([γj,r, J
′
j,r])
]
coincides with 8c times the difference of writhes
wrtj ([γj,a, Jj,a], [γj,r, Jj,r])− wrtj ([γj,a, J ′j,a], [γj,r, J ′j,r]),
again using Lemmas 5.25 and 5.26: for cases [6] and [7] of Fig.10.(1), note
[6] : 2(ε2ε4 − ε2ε7 +ε1ε7)c− 2(−ε2ε4 + ε2ε7 +ε1ε7)c = 8c
(− 14 (ε1 − ε2)(ε4 − ε7) + 14 (ε1 + ε2)(ε4 − ε7))
[7] : 2(ε2ε4 − ε2ε7 +ε1ε7)c− 2(−ε2ε4 + ε2ε7 +ε1ε7)c = 8c
(− 14 (ε1 − ε2)(ε4 − ε7) + 14 (ε1 + ε2)(ε4 − ε7)) .
By symmetry and skew-symmetry, one obtains the equalities for the omitted cases, which also include
the following situation: when γk,u is a loop segment in tk with u 6= b such that γk,u does not meet e,[
trωtk([γk,b, Jk,b]), tr
ω
tk
([γk,u, Jk,u])
]− [ trωtk([γk,b, J ′k,b]), trωtk([γk,u, J ′k,u]) ]
= 8c
(
wrtk([γk,b, Jk,b], [γk,u, Jk,u])− wrtk([γk,b, J ′k,b], [γk,u, J ′k,u])
)
Keeping eq.(5.11) in mind, we conclude that each of the above investigated contributions to the two
differences dev∆(γ; J)−dev∆(γ; J ′) and 4(wr∆(γ; J)−wr∆(γ; J ′)) coincide, hence by summing up these
contributions we obtain the sought-for equality. Notice that we are actually dealing with elements of
triangle algebras for triangles of a split ideal triangulation ∆̂, instead of an ideal triangulation ∆; thus,
as mentioned earlier, one can observe that the assumption that tj and tk are not self-folded is not an
extra restriction with respect to the above computations, provided that e is not a self-folded edge.
However, a genuinely different situation is when the edge e of ∆ containing the special juncture at
shich J and J ′ differ is a self-folded edge. Let tj be the triangle having e as an edge. Then there are
exactly two loop segments of γ in tj having this special juncture as one of the endpoints; say γj,a and
γj,b. There is no further choice for which edge the remaining endpoints of γj,a and γj,b lie in. Now,
for any other loop segment γj,r in tj , note that it must meet e (Lem.2.8.(M2)), and therefore there is
exactly one more segment γj,u meeting γj,r at a point in e. By symmetry, it suffices to check the case
[8] depicted in Fig.10.(2). We should now investigate the commutators of log quantum traces and the
writhes for all pairs among these four segments. When doing so, we may use Lemmas 5.25 and 5.26,
after cutting along the self-folded edge to make a non-self-folded triangle; this is legitimate because
we are implicitly dealing with the triangle of a split ideal triangulation. There are six such unordered
pairs of segments, but there is no need to consider the pair (γj,r, γj,u), for it does not contribute to the
change that we want to compute. For each of the three pairs (γj,a, γj,b), (γj,a, γj,u), and (γj,b, γj,r), the
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difference of commutators of log quantum traces coincides with 8c times that of writhes coincide on
the nose. Indeed, for the pair (γj,a, γj,b) we have[
trωtj ([γj,a, Jj,a]), tr
ω
tj ([γj,b, Jj,b])
]
−
[
trωtj ([γj,a, J
′
j,a]), tr
ω
tj ([γj,b, J
′
j,b])
]
= 2(ε2ε3 −ε2ε2 + ε1ε2)c− 2((−ε2)ε3 −

(−ε2)(−ε2) + ε1(−ε2))c,
8c
(
wrtj ([γj,a, Jj,a], [γj,b, Jj,b])− wrtj ([γj,a, J ′j,a], [γj,b, J ′j,b])
)
= 8c
(− 14 (ε1 − ε2)(ε3 − ε2) + 14 (ε1 + ε2)(ε3 + ε2)) ,
coinciding with each other. The corresponding equations for the pairs (γj,a, γj,u) and (γj,b, γj,r) are
2(ε2ε6 − ε2ε5 +ε1ε5)c− 2(−ε2ε6 + ε2ε5 +ε1ε5)c = 8c
(− 14 (ε1 − ε2)(ε6 − ε5) + 14 (ε1 + ε2)(ε6 − ε5))
−2(ε5ε3 − ε5ε2 + ε4ε2)c + 2(ε5ε3 + ε5ε2 − ε4ε2)c = 8c
(
1
4 (ε4 − ε5)(ε3 − ε2)− 14 (ε4 − ε5)(ε3 + ε2)
)
The remaining two pairs (γj,a, γj,r) and (γj,b, γj,u) must be dealt with together. Notice that by the
edge-compatibility of the orderings of loop segments chosen via Prop.5.4, in the situation depicted in
Fig.10.(2), we have a < r ⇔ b < u. We then observe that the sum of difference of commutators, as
written in eq.(5.12) this time with j = k, which is
2(ε2ε4 −ε1ε5)c− 2(−ε2ε4 −ε1ε5)c + 2(ε3ε5 − ε2ε6)c− 2(ε3ε5 + ε2ε6)c,
equals 8c times the sum of difference of writhes, as in eq.(5.13) this time with j = k, which is
8c
(− 14 (ε1 − ε2)(ε4 + ε5) + 14 (ε1 + ε2)(ε4 + ε5)− 14 (ε2 −ε3)(ε5 + ε6).)+ 14 (−ε2 −ε3)(ε5 + ε6)
Each of the above investigated contributions to the two differences dev∆(γ; J) − dev∆(γ; J ′) and
4(wr∆(γ; J)−wr∆(γ; J ′)) coincide, hence by summing up these contributions we obtain the sought-for
equality of differences.
The sought-for induction step, i.e. Lemma 5.20, immediately follows from the above Lem.5.27. Let us
now recall the readers how to wrap up. Note first that Lem.5.20 and Lem.5.14 constistute our inductive
proof of eq.(5.9), which in turn implies eq.(5.5) of Prop.5.8 with the help of Lem.5.13. As mentioned
at the end of §5.3, we then obtain the term-by-term equality Prop.5.5, hence finally Thm.5.1.
6. Future research
One can try to generalize our main result, Thm.5.1, in several directions. First is the equality in
the case when K is a closed oriented framed link with crossings. For this, one must first completely
establish the biangle quantum holonomy TrHolωB as formulated in Conjecture 4.11 in §4.4; as mentioned
already, one might have to first deal with (3d versions of) networks with junctions, instead of only
dealing with oriented framed links. Then, with this biangle quantum holonomy, one should settle
Conjecture 4.14, and finally try to prove a version of Thm.5.1, i.e. the equality of two constructions
for general closed oriented framed links K. An evidence towards such an equality is the resemblance of
the Bonahon-Wong biangle quantum trace and the biangle quantum holonomy; note that eq.(3.8) and
Conj.4.11.(2)(d) coincide up to an overall factor. A possible further topic is about defining the Gabella
quantum holonomy for networks with junctions, not just for closed oriented framed links.
Another direction of research is for non-closed oriented framed links K, i.e. when ∂K 6= Ø. As
a first step, one could assume that K has only one component. The Bonahon-Wong quantum trace
Trω∆([K, s]) ∈ Zω∆ ⊂ T ω∆ can still be defined, for each state s : ∂K → {+,−} of K. One can try to
extend the definition of the Gabella quantum holonomy to such a case, in a straightforward manner.
We expect that our main theorem Thm.5.1 should still hold for such cases, which of course needs to
be checked. One strong evidence is that our induction proof for the term-by-term equality should still
work. The only ambiguous part is the base case of the induction. So, the equality should hold up to
some overall factor of the form ωN for some integer N . The remaining task is to investigate the nature
of this number N ; is it zero? If not, what is this number? After this is done, one can now try to define
the Gabella quantum holonomy and prove an analog of Thm.5.1 in the case when K is an oriented
framed link, having several components, closed or non-closed.
Yet another possible research problem is about Gabella’s quantum holonomy for higher rank groups
GLK , not just for K = 2. But this has to wait until corresponding higher versions of skein algebras and
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the Bonahon-Wong style quantum trace map are developed; an analog of skein algebra, this time about
(3d version of) networks with junctions instead of framed links, should be constructed and studied.
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